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Flavour physics provides an important opportunity for exploring the limits of the Standard Model of particle physics and for constraining possible extensions of theories that go beyond it. As the LHC explores a new energy frontier and as experiments continue to extend the precision frontier, the importance of flavour physics will grow, both in terms of searches for signatures of new physics through precision measurements and in terms of attempts to unravel the theoretical framework behind direct discoveries of new particles. A major theoretical limitation consists in the precision with which strong interaction effects can be quantified. Large-scale numerical simulations of lattice QCD allow for the computation of these effects from first principles. The scope of the Flavour Lattice Averaging Group (FLAG) is to review the current status of lattice results for a variety of physical quantities in low-energy physics. Set up in November 2007,[1](#Fn1){ref-type="fn"} it comprises experts in Lattice Field Theory and Chiral Perturbation Theory. Our aim is to provide an answer to the frequently posed question "What is currently the best lattice value for a particular quantity?", in a way which is readily accessible to non-lattice-experts. This is generally not an easy question to answer; different collaborations use different lattice actions (discretisations of QCD) with a variety of lattice spacings and volumes, and with a range of masses for the $\documentclass[12pt]{minimal}
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                \begin{document}$$d$$\end{document}$-quarks. Not only are the systematic errors different, but also the methodology used to estimate these uncertainties varies between collaborations. In the present work we summarise the main features of each of the calculations and provide a framework for judging and combining the different results. Sometimes it is a single result which provides the "best" value; more often it is a combination of results from different collaborations. Indeed, the consistency of values obtained using different formulations adds significantly to our confidence in the results.

The first edition of the FLAG review was published in 2011 \[[@CR1]\]. It was limited to lattice results related to pion and kaon physics: light-quark masses ($\documentclass[12pt]{minimal}
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                \begin{document}$$D$$\end{document}$-meson decay constants, form factors, and mixing parameters, which are most relevant for the determination of CKM matrix elements and the global CKM unitarity-triangle fit. Last but not least, the current status of lattice results on the QCD coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _\mathrm{s}$$\end{document}$ is also reviewed. Bottom- and charm-quark masses, though important parametric inputs to Standard Model calculations, have not been covered in the present edition. They will be included in a future FLAG report.

Our plan is to continue providing FLAG updates, in the form of a peer-reviewed paper, roughly on a biannual basis. This effort is supplemented by our more frequently updated website <http://itpwiki.unibe.ch/flag>, where figures as well as pdf-files for the individual sections can be downloaded. The papers reviewed in the present edition have appeared before the closing date 30 November 2013.

Finally, we draw attention to a particularly important point. As stated above, our aim is to make lattice QCD results easily accessible to non-lattice-experts and we are well aware that it is likely that some readers will only consult the present paper and not the original lattice literature. We consider it very important that this paper is not the only one which gets cited when the lattice results which are discussed and analysed here are quoted. Readers who find the review and compilations offered in this paper useful are therefore kindly requested to also cite the original sources. The bibliography at the end of this paper should make this task easier. Indeed we hope that the bibliography will be one of the most widely used elements of the whole paper.

This review is organised as follows. In the remainder of Sect. [1](#Sec1){ref-type="sec"} we summarise the composition and rules of FLAG, describe the goals of the FLAG effort and general issues that arise in modern lattice calculations. For the reader's convenience, Table [1](#Tab1){ref-type="table"} summarises the main results (averages and estimates) of the present review. In Sect. [2](#Sec4){ref-type="sec"} we explain our general methodology for evaluating the robustness of lattice results which have appeared in the literature. We also describe the procedures followed for combining results from different collaborations in a single average or estimate (see Sect. [2.2](#Sec8){ref-type="sec"} for our use of these terms). The rest of the paper consists of sections, each of which is dedicated to a single (or groups of closely connected) physical quantity(ies). Each of these sections is accompanied by an Appendix with explicatory notes.Table 1Summary of the main results of this review, grouped in terms of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f} = 2 + 1 + 1$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}\mathrm{}=2+1$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{s}$$\end{document}$ (MeV)[3.3](#Sec13){ref-type="sec"}393.8 (1.5) (1.9)2101 (3)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{ud}$$\end{document}$ (MeV)[3.3](#Sec13){ref-type="sec"}33.42 (6) (7)13.6 (2)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{s}/m_{ud}$$\end{document}$[3.3](#Sec13){ref-type="sec"}327.46 (15) (41)128.1 (1.2)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{d}$$\end{document}$ (MeV)[3.4](#Sec16){ref-type="sec"}4.68 (14) (7)4.80 (23)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{u}$$\end{document}$ (MeV)[3.4](#Sec16){ref-type="sec"}2.16 (9) (7)2.40 (23)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{u}/m_{d}$$\end{document}$[3.4](#Sec16){ref-type="sec"}0.46 (2) (2)0.50 (4)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_+^{K\pi } (0)$$\end{document}$[4.3](#Sec21){ref-type="sec"}10.9661 (32)10.9560 (57) (62)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{K^+}/f_{\pi ^+}$$\end{document}$[4.3](#Sec21){ref-type="sec"}21.194 (5)41.192 (5)11.205 (6) (17)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_K$$\end{document}$ (MeV)[4.6](#Sec24){ref-type="sec"}3156.3 (0.9)1158.1 (2.5)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_\pi $$\end{document}$ (MeV)[4.6](#Sec24){ref-type="sec"}3130.2 (1.4)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma $$\end{document}$ (MeV)[5.1](#Sec26){ref-type="sec"}2271 (15)1269 (8)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_\pi /F$$\end{document}$[5.1](#Sec26){ref-type="sec"}11.0760 (28)21.0620 (21)11.0744 (67)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\ell }_3$$\end{document}$[5.1](#Sec26){ref-type="sec"}13.70 (27)33.05 (99)13.41 (41)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\ell }_4$$\end{document}$[5.1](#Sec26){ref-type="sec"}14.67 (10)34.02(28)14.62 (22)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{B}_K$$\end{document}$[6.2](#Sec40){ref-type="sec"}40.766 (10)10.729 (25) (17)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_K^{\bar{\mathrm {MS}}}$$\end{document}$ (2 GeV)[6.2](#Sec40){ref-type="sec"}40.560 (7)10.533 (18) (12)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_D$$\end{document}$ (MeV)[7.1](#Sec42){ref-type="sec"}2209.2 (3.3)1208 (8)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{D_{s}}$$\end{document}$ (MeV)[7.1](#Sec42){ref-type="sec"}2248.6 (2.7)1250 (7)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{D_{s}}/f_D$$\end{document}$[7.1](#Sec42){ref-type="sec"}21.187 (12)11.20 (2)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_+^{D\pi } (0)$$\end{document}$[7.2](#Sec43){ref-type="sec"}10.666 (29)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_+^{DK} (0)$$\end{document}$[7.2](#Sec43){ref-type="sec"}10.747 (19)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_B$$\end{document}$ (MeV)[8.1](#Sec47){ref-type="sec"}1186 (4)3190.5 (4.2)1189 (8)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{B_{s}}$$\end{document}$ (MeV)[8.1](#Sec47){ref-type="sec"}1224 (5)3227.7 (4.5)1228 (8)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{B_{s}}/f_B$$\end{document}$[8.1](#Sec47){ref-type="sec"}11.205 (7)21.202 (22)11.206 (24)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{B_{d}}\sqrt{\hat{B}_{B_{d}}}$$\end{document}$ (MeV)[8.2](#Sec48){ref-type="sec"}1216 (15)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{B_{s}}\sqrt{\hat{B}_{B_{s}}}$$\end{document}$ (MeV)[8.2](#Sec48){ref-type="sec"}1266 (18)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{B}_{B_{d}}$$\end{document}$[8.2](#Sec48){ref-type="sec"}11.27 (10)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{B}_{B_{s}}$$\end{document}$[8.2](#Sec48){ref-type="sec"}11.33 (6)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$[8.2](#Sec48){ref-type="sec"}11.268 (63)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{B}_{B_{s}}/\hat{B}_{B_{d}}$$\end{document}$[8.2](#Sec48){ref-type="sec"}11.06 (11)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta \zeta ^{B\pi }$$\end{document}$ (ps$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$^{-1}$$\end{document}$)[8.3](#Sec49){ref-type="sec"}22.16 (50)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_+^{B\pi } (q^2): a_0^\mathrm{BCL}$$\end{document}$[8.3](#Sec49){ref-type="sec"}20.453 (33)               $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_1^\mathrm{BCL}$$\end{document}$2$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-$$\end{document}$0.43 (33)               $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_2^\mathrm{BCL}$$\end{document}$20.9 (3.9)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {F}}^{B \rightarrow D^*} (1)$$\end{document}$[8.4](#Sec49){ref-type="sec"}10.906 (4) (12)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R (D)$$\end{document}$[8.4](#Sec49){ref-type="sec"}10.316 (12) (7)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}^{ (5)} (M_Z) $$\end{document}$[9.9](#Sec85){ref-type="sec"}40.1184 (12)

FLAG enlargement {#Sec2}
----------------

Upon completion of the first review, it was decided to extend the project by adding new physical quantities and co-authors. FLAG became more representative of the lattice community, both in terms of the geographical location of its members and the lattice collaborations to which they belong. At the time a parallel effort had been made \[[@CR2], [@CR3]\]; the two efforts have now merged in order to provide a single source of information on lattice results to the particle-physics community.

The experience gained in managing the activities of a medium-sized group of co-authors taught us that it was necessary to have a more formal structure and a set of rules by which all concerned had to abide, in order to make the inner workings of FLAG function smoothly. The collaboration presently consists of an Advisory Board (AB), an Editorial Board (EB), and seven Working Groups (WG). The rôle of the Advisory Board is that of general supervision and consultation. Its members may interfere at any point in the process of drafting the paper, expressing their opinion and offering advice. They also give their approval of the final version of the preprint before it is rendered public. The Editorial Board coordinates the activities of FLAG, sets priorities and intermediate deadlines, and takes care of the editorial work needed to amalgamate the sections written by the individual working groups into a uniform and coherent review. The working groups concentrate on writing up the review of the physical quantities for which they are responsible, which is subsequently circulated to the whole collaboration for criticisms and suggestions.

The most important internal FLAG rules are the following:members of the AB have a 4-year mandate (to avoid a simultaneous change of all members, some of the current members of the AB will have a shorter mandate);the composition of the AB reflects the main geographical areas in which lattice collaborations are active: one member comes from America, one from Asia/Oceania and one from Europe;the mandate of regular members is not limited in time, but we expect that a certain turnover will occur naturally;whenever a replacement becomes necessary this has to keep, and possibly improve, the balance in FLAG;in all working groups the three members must belong to three different lattice collaborations;[2](#Fn2){ref-type="fn"}a paper is in general not reviewed (nor colour-coded, as described in the next section) by one of its authors;lattice collaborations not represented in FLAG will be asked to check whether the colour coding of their calculation is correct.The current list of FLAG members and their Working Group assignments is:
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General issues and summary of the main results {#Sec3}
----------------------------------------------

The present review aims at two distinct goals:offer a **description** of the work done on the lattice concerning low-energy particle physics;draw **conclusions** on the basis of that work, which summarise the results obtained for the various quantities of physical interest.The core of the information about the work done on the lattice is presented in the form of tables, which not only list the various results, but also describe the quality of the data that underlie them. We consider it important that this part of the review represents a generally accepted description of the work done. For this reason, we explicitly specify the quality requirements used and provide sufficient details in the appendices so that the reader can verify the information given in the tables.

The conclusions drawn on the basis of the available lattice results, on the other hand, are the responsibility of FLAG alone. We aim at staying on the conservative side and in several cases reach conclusions which are more cautious than what a plain average of the available lattice results would give, in particular when this is dominated by a single lattice result. An additional issue occurs when only one lattice result is available for a given quantity. In such cases one does not have the same degree of confidence in results and errors as one has when there is agreement among many different calculations using different approaches. Since this degree of confidence cannot be quantified, it is not reflected in the quoted errors, but it should be kept in mind by the reader. At present, the issue of having only a single result occurs much more often in heavy-quark physics than in light-quark physics. We are confident that the heavy-quark calculations will soon reach the state that pertains in light-quark physics.

Several general issues concerning the present review are thoroughly discussed in Sect. 1.1 of our initial paper \[[@CR1]\] and we encourage the reader to consult the relevant pages. In the remainder of the present section, we focus on a few important points.

Each discretisation has its merits but also its shortcomings. For the topics covered already in the first edition of the FLAG review, we have by now a remarkably broad data base, and for most quantities lattice calculations based on totally different discretisations are now available. This is illustrated by the dense population of the tables and figures shown in the first part of this review. Those calculations which do satisfy our quality criteria indeed lead to consistent results, confirming universality within the accuracy reached. In our opinion, the consistency between independent lattice results, obtained with different discretisations, methods and simulation parameters, is an important test of lattice QCD, and observing such consistency then also provides further evidence that systematic errors are fully under control.
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The lattice spacings reached in recent simulations go down to 0.05 fm or even smaller. In that region, growing autocorrelation times slow down the sampling of the configurations \[[@CR4]--[@CR8]\]. Many groups check for autocorrelations in a number of observables, including the topological charge, for which a rapid growth of the autocorrelation time is observed if the lattice spacing becomes small. In the following, we assume that the continuum limit can be reached by extrapolating the existing simulations.
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The remarkable recent progress in the precision of lattice calculations is due to improved algorithms, better computing resources and, last but not least, conceptual developments, such as improved actions which reduce lattice artefacts, actions which preserve (remnants of) chiral symmetry, understanding finite-size effects, non-perturbative renormalisation, etc. A concise characterisation of the various discretisations that underlie the results reported in the present review is given in Appendix A.1.

Lattice simulations are performed at fixed values of the bare QCD parameters (gauge coupling and quark masses) and physical quantities with mass dimensions (e.g. quark masses, decay constants\...) are computed in units of the lattice spacing; i.e. they are dimensionless. Their conversion to physical units requires knowledge of the lattice spacing at the fixed values of the bare QCD parameters of the simulations. This is achieved by requiring agreement between the lattice calculation and experimental measurement of a known quantity, which "sets the scale" of a given simulation. A few details on this procedure are provided in Appendix A.2.

Several of the results covered by this review, such as quark masses, the gauge coupling, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B$$\end{document}$-parameters, are quantities defined in a given renormalisation scheme and scale. The schemes employed are often chosen because of their specific merits when combined with the lattice regularisation. For a brief discussion of their properties, see Appendix A.3. The conversion of the results, obtained in these so-called intermediate schemes, to more familiar regularisation schemes, such as the $\documentclass[12pt]{minimal}
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Because of limited computing resources, lattice simulations are often performed at unphysically heavy pion masses, although results at the physical point have recently become available. Further, numerical simulations must be done at finite lattice spacing. In order to obtain physical results, lattice data are generated at a sequence of pion masses and a sequence of lattice spacings, and then extrapolated to $\documentclass[12pt]{minimal}
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Quality criteria {#Sec4}
================

The essential characteristics of our approach to the problem of rating and averaging lattice quantities reported by different collaborations have been outlined in our first publication \[[@CR1]\]. Our aim is to help the reader assess the reliability of a particular lattice result without necessarily studying the original article in depth. This is a delicate issue, which may make things appear simpler than they are. However, it safeguards against the common practice of using lattice results and drawing physics conclusions from them, without a critical assessment of the quality of the various calculations. We believe that despite the risks, it is important to provide some compact information about the quality of a calculation. However, the importance of the accompanying detailed discussion of the results presented in the bulk of the present review cannot be underestimated.

Systematic errors and colour-coding {#Sec5}
-----------------------------------

In Ref. \[[@CR1]\], we identified a number of sources of systematic errors, for which a systematic improvement is possible, and assigned one of three coloured symbols to each calculation: green star, amber disc or red square. The appearance of a red tag, even in a single source of systematic error of a given lattice result, disqualified it from the global averaging. Since results with green and amber tags entered the averages, and since this policy has been retained in the present edition, we have decided to substitute the amber disc by a green unfilled circle. Thus the new colour coding is as follows:the systematic error has been estimated in a satisfactory manner and convincingly shown to be under control;a reasonable attempt at estimating the systematic error has been made, although this could be improved;no or a clearly unsatisfactory attempt at estimating the systematic error has been made. We stress once more that only results without a red tag in the systematic errors are averaged in order to provide a given FLAG estimate.The precise criteria used in determining the colour coding is unavoidably time-dependent; as lattice calculations become more accurate the standards against which they are measured become tighter. For quantities related to the light-quark sector, which have been dealt with in the first edition of the FLAG review \[[@CR1]\], some of the quality criteria have remained the same, while others have been tightened up. We will compare them to those of Ref. \[[@CR1]\], case-by-case, below. For the newly introduced physical quantities, related to heavy quark physics, the adoption of new criteria was necessary. This is due to the fact that, in most cases, the discretisation of the heavy quark action follows a very different approach to that of light flavours. Moreover, the two Working Groups dedicated to heavy flavours have opted for a somewhat different rating of the extrapolation of lattice results to the continuum limit. Finally, the strong coupling being in a class of its own, as far as methods for its computation are concerned, led to the introduction of dedicated rating criteria for it.

Of course any colour coding has to be treated with caution; we repeat that the criteria are subjective and evolving. Sometimes a single source of systematic error dominates the systematic uncertainty and it is more important to reduce this uncertainty than to aim for green stars for other sources of error. In spite of these caveats we hope that our attempt to introduce quality measures for lattice results will prove to be a useful guide. In addition we would like to stress that the agreement of lattice results obtained using different actions and procedures evident in many of the tables presented below provides further validation.

For a coherent assessment of the present situation, the quality of the data plays a key role, but the colour coding cannot be carried over to the figures. On the other hand, simply showing all data on equal footing would give the misleading impression that the overall consistency of the information available on the lattice is questionable. As a way out, the figures do indicate the quality in a rudimentary way:results included in the average;results that are not included in the average but pass all quality criteria;all other results.The reason for not including a given result in the average is not always the same: the paper may fail one of the quality criteria, may not be published, be superseded by other results or not offer a complete error budget. Symbols other than squares are used to distinguish results with specific properties and are always explained in the caption.
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### Light-quark physics {#Sec6}

The colour code used in the tables is specified as follows:
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                \begin{document}$$\bullet $$\end{document}$ Renormalisation (where applicable):non-perturbativeone-loop perturbation theory or higher with a reasonable estimate of truncation errorsotherwiseIn Ref. \[[@CR1]\], we assigned a red square to all results which were renormalised at one loop in perturbation theory. We now feel that this is too restrictive, since the error arising from renormalisation constants, calculated in perturbation theory at one loop, is often estimated conservatively and reliably.$\documentclass[12pt]{minimal}
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                \begin{document}$$B_K$$\end{document}$, it is essential that contact with continuum perturbation theory can be established. Various different methods are used for this purpose (cf. Appendix A.3): Regularisation-independent Momentum Subtraction (RI/MOM), Schrödinger functional, direct comparison with (resummed) perturbation theory. Irrespective of the particular method used, the uncertainty associated with the choice of intermediate renormalisation scales in the construction of physical observables must be brought under control. This is best achieved by performing comparisons between non-perturbative and perturbative running over a reasonably broad range of scales. These comparisons were initially only made in the Schrödinger functional (SF) approach, but they are now also being performed in RI/MOM schemes. We mark the data for which information about non-perturbative running checks is available and give some details, but we do not attempt to translate this into a colour-code.The pion mass plays an important rôle in the criteria relevant for chiral extrapolation and finite volume. For some of the regularisations used, however, it is not a trivial matter to identify this mass. In the case of twisted-mass fermions, discretisation effects give rise to a mass difference between charged and neutral pions even when the up- and down-quark masses are equal, with the charged pion being the heavier of the two. The discussion of the twisted-mass results presented in the following sections assumes that the artificial isospin-breaking effects which occur in this regularisation are under control. In addition, we assume that the mass of the charged pion may be used when evaluating the chiral-extrapolation and finite-volume criteria. In the case of staggered fermions, discretisation effects give rise to several light states with the quantum numbers of the pion.[4](#Fn4){ref-type="fn"} The mass splitting among these "taste" partners represents a discretisation effect of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {O}}(a^2)$$\end{document}$, which can be significant at big lattice spacings but shrinks as the spacing is reduced. In the discussion of the results obtained with staggered quarks given in the following sections, we assume that these artefacts are under control. When evaluating the chiral-extrapolation criteria, we conservatively identify $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{\pi ,\mathrm{min}}$$\end{document}$ with the root-mean square (RMS) of the mass of all taste partners. These masses are also used in Sects. [4](#Sec18){ref-type="sec"} and [6](#Sec38){ref-type="sec"} when evaluating the finite-volume criteria, while in Sects. [3](#Sec10){ref-type="sec"}, [5](#Sec25){ref-type="sec"}, [7](#Sec41){ref-type="sec"} and [8](#Sec46){ref-type="sec"}, a more stringent finite-volume criterion is applied: $\documentclass[12pt]{minimal}
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### Heavy-quark physics {#Sec7}

This subsection discusses the criteria adopted for the heavy-quark quantities included in this review, characterised by non-zero charm and bottom quantum numbers. There are several different approaches to treating heavy quarks on the lattice, each with their own issues and considerations. In general all $\documentclass[12pt]{minimal}
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                \begin{document}$$b$$\end{document}$-quark methods rely on the use of Effective Field Theory (EFT) at some point in the computation, either via direct simulation of the EFT, use of the EFT to estimate the size of cutoff errors, or use of the EFT to extrapolate from the simulated lattice quark mass up to the physical $\documentclass[12pt]{minimal}
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                \begin{document}$$b$$\end{document}$-quark mass. Some simulations of charm-quark quantities use the same heavy-quark methods as for bottom quarks, but there are also computations that use improved light-quark actions to simulate charm quarks. Hence, with some methods and for some quantities, truncation effects must be considered together with discretisation errors. With other methods, discretisation errors are more severe for heavy-quark quantities than for the corresponding light-quark quantities.

In order to address these complications, we add a new heavy-quark treatment category to the ratings system. The purpose of this criterion is to provide a guideline for the level of action and operator improvement needed in each approach to make reliable calculations possible, in principle. In addition, we replace the rating criteria for the continuum extrapolations of Sect. [2.1.1](#Sec6){ref-type="sec"} with a new empirical approach based on the size of observed discretisation errors in the lattice simulation data. This accounts for the fact that whether discretisation and truncation effects in a given calculation are sufficiently small as to be controllable depends not only on the range of lattice spacings used in the simulations, but also on the simulated heavy-quark masses and on the level of action and operator improvement. For the other categories, we adopt the same strict criteria as in Sect. [2.1.1](#Sec6){ref-type="sec"}, with one minor modification, as explained below.
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                \begin{document}$$\bullet $$\end{document}$ Heavy-quark treatmentA description of the different approaches to treating heavy quarks on the lattice is given in Appendix A.1.3 including a discussion of the associated discretisation, truncation, and matching errors. For truncation errors we use HQET power counting throughout, since this review is focussed on heavy quark quantities involving $\documentclass[12pt]{minimal}
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                \begin{document}$$D$$\end{document}$ mesons. Here we describe the criteria for how each approach must be implemented in order to receive an acceptable () rating for both the heavy quark actions and the weak operators. Heavy-quark implementations without the level of improvement described below are rated not acceptable (). The matching is evaluated together with renormalisation, using the renormalisation criteria described in Sect. [2.1.1](#Sec6){ref-type="sec"}. We emphasise that the heavy-quark implementations rated as acceptable and described below have been validated in a variety of ways, such as via phenomenological agreement with experimental measurements, consistency between independent lattice calculations, and numerical studies of truncation errors. These tests are summarised in Sect. [8](#Sec46){ref-type="sec"}.*Relativistic heavy quark actions:*at least tree-level $\documentclass[12pt]{minimal}
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                \begin{document}$$O(a)$$\end{document}$ improved action and weak operatorsThis is similar to the requirements for light quark actions. All current implementations of relativistic heavy quark actions satisfy these criteria.*NRQCD:*tree-level matched through $\documentclass[12pt]{minimal}
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                \begin{document}$$O(a^2)$$\end{document}$The current implementations of NRQCD satisfy these criteria, and also include tree-level corrections of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(1/m_{h})$$\end{document}$ with discretisation errors starting at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(a^2)$$\end{document}$The current implementation of HQET by the ALPHA collaboration satisfies these criteria with an action and weak operators that are non-perturbatively matched through $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1/m_{h})$$\end{document}$. Calculations that exclusively use a static-limit action do not satisfy theses criteria, since the static-limit action, by definition, does not include $\documentclass[12pt]{minimal}
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                \begin{document}$$O((m_{s} - m_{d})/m_{h})$$\end{document}$. We therefore consider lattice calculations of such ratios that use a static-limit action to still have controllable truncation errors.*Light-quark actions for heavy quarks:*discretisation errors starting at $\documentclass[12pt]{minimal}
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                \begin{document}$$O(a^2)$$\end{document}$ or higher This applies to calculations that use the tmWilson action, a non-perturbatively improved Wilson action, or the HISQ action for charm quark quantities. It also applies to calculations that use these light quark actions in the charm region and above together with either the static limit or with an HQET-inspired extrapolation to obtain results at the physical $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D(a) = \frac{Q(a) - Q(0)}{Q(a)}, \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q(a)$$\end{document}$ denotes the central value of quantity $\documentclass[12pt]{minimal}
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                \begin{document}$$Q(0)$$\end{document}$ denotes the continuum extrapolated value. $\documentclass[12pt]{minimal}
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                \begin{document}$$D(a)$$\end{document}$ is a measure of how far the continuum extrapolated result is from the lattice data. We evaluate this quantity on the smallest lattice spacing used in the calculation, $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _Q$$\end{document}$ is the combined statistical and systematic (due to the continuum extrapolation) error. $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta (a)$$\end{document}$ is a measure of how well the continuum-extrapolated result agrees with the lattice data within the statistical and systematic errors of the calculation. Again, we evaluate this quantity on the smallest lattice spacing used in the calculation, $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta (a_\mathrm{min}) \le 2$$\end{document}$,otherwise.For the time being, these new criteria for the quality of the continuum extrapolation have only been adopted for the heavy-quark quantities, but their use may be extended to all FLAG quantities in future reviews.$\documentclass[12pt]{minimal}
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                \begin{document}$$M_{\pi ,\mathrm{min}} L \gtrsim 3.7$$\end{document}$ or two volumes at fixed parameters$\documentclass[12pt]{minimal}
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                \begin{document}$$M_{\pi ,\mathrm{min}} L \gtrsim 3$$\end{document}$otherwiseHere the boundary between green star and open circle is slightly relaxed compared to that in Sect. [2.1.1](#Sec6){ref-type="sec"} to account for the fact that heavy-quark quantities are less sensitive to this systematic error than light-quark quantities. A rating requires an estimate of the finite-volume error either by analysing data on two or more physical volumes (with all other parameters fixed) or by using finite-volume chiral perturbation theory. In the case of staggered sea quarks, $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{\pi ,\mathrm{min}}$$\end{document}$ refers to the lightest (taste Goldstone) pion mass.

Averages and estimates {#Sec8}
----------------------

For many observables there are enough independent lattice calculations of good quality that it makes sense to average them and propose such an *average* as the best current lattice number. In order to decide whether this is true for a certain observable, we rely on the colour coding. We restrict the averages to data for which the colour code does not contain any red tags. In some cases, the averaging procedure nevertheless leads to a result which in our opinion does not cover all uncertainties. This is related to the fact that procedures for estimating errors and the resulting conclusions necessarily have an element of subjectivity, and would vary between groups even with the same data set. In order to stay on the conservative side, we may replace the average by an *estimate* (or a *range*), which we consider as a fair assessment of the knowledge acquired on the lattice at present. This estimate is not obtained with a prescribed mathematical procedure, but it is based on a critical analysis of the available information.

There are two other important criteria which also play a role in this respect, but which cannot be colour coded, because a systematic improvement is not possible. These are: (i) the publication status, and (ii) the number of flavours $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}$$\end{document}$. As far as the former criterion is concerned, we adopt the following policy: we average only results which have been published in peer-reviewed journals, i.e. they have been endorsed by referee(s). The only exception to this rule consists in obvious updates of previously published results, typically presented in conference proceedings. Such updates, which supersede the corresponding results in the published papers, are included in the averages. Nevertheless, all results are listed and their publication status is identified by the following symbols:
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                \begin{document}$$\bullet $$\end{document}$ Publication status:A published or plain update of published resultsP preprintC conference contributionNote that updates of earlier results rely, at least partially, on the same gauge-field configuration ensembles. For this reason, we do not average updates with earlier results. In the present edition, the publication status on November 30, 2013 is relevant. If the paper appeared in print after that date this is accounted for in the bibliography, but it does not affect the averages.

In this review we present results from simulations with $\documentclass[12pt]{minimal}
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To date, no significant differences between results with different values of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}= 2 + 1$$\end{document}$ calculations and so determine the size of the Zweig-rule violations related to strange quark loops. This is a very interesting issue per se, and one which can be quantitatively addressed only with lattice calculations.

Averaging procedure and error analysis {#Sec9}
--------------------------------------

In \[[@CR1]\], the FLAG averages and their errors were estimated through the following procedure: Having added in quadrature statistical and systematic errors for each individual result, we obtained their weighted $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ average. This was our central value. If the fit was of good quality ($\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2 = \chi _\mathrm{min}^2 + 1$$\end{document}$; otherwise, we inflated the result obtained in this way by the factor $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ minimisation procedure resulted in a total error which was smaller than the smallest systematic error of any individual lattice result, we assigned the smallest systematic error of that result to the total systematic error in the average.

One of the problems arising when forming such averages is that not all of the data sets are independent; in fact, some rely on the same ensembles. In particular, the same gauge-field configurations, produced with a given fermion discretisation, are often used by different research teams with different valence quark lattice actions, obtaining results which are not really independent. In the present paper we have modified our averaging procedure, in order to account for such correlations. To start with, we examine error budgets for individual calculations and look for potentially correlated uncertainties. Specific problems encountered in connection with correlations between different data sets are commented in the text. If there is any reason to believe that a source of error is correlated between two calculations, a 100 % correlation is assumed. We then obtain the central value from a $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sigma ^2_\mathrm{average}&= \sum _{i,j} \omega _i \,\omega _j \,C_{ij}. \end{aligned}$$\end{document}$$The correlation matrix for the set of correlated lattice results is estimated with Schmelling's prescription \[[@CR16]\]. When necessary, the statistical and systematic error bars are stretched by a factor $\documentclass[12pt]{minimal}
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Masses of the light quarks {#Sec10}
==========================

Quark masses are fundamental parameters of the Standard Model. An accurate determination of these parameters is important for both phenomenological and theoretical applications. The charm and bottom masses, for instance, enter the theoretical expressions of several cross sections and decay rates in heavy-quark expansions. The up-, down- and strange-quark masses govern the amount of explicit chiral symmetry breaking in QCD. From a theoretical point of view, the values of quark masses provide information about the flavour structure of physics beyond the Standard Model. The Review of Particle Physics of the Particle Data Group contains a review of quark masses \[[@CR17]\], which covers light as well as heavy flavours. The present summary only deals with the light-quark masses (those of the up, down and strange quarks), but it discusses the lattice results for these in more detail.

Quark masses cannot be measured directly with experiment because quarks cannot be isolated, as they are confined inside hadrons. On the other hand, quark masses are free parameters of the theory and, as such, cannot be obtained on the basis of purely theoretical considerations. Their values can only be determined by comparing the theoretical prediction for an observable, which depends on the quark mass of interest, with the corresponding experimental value. What makes light-quark masses particularly difficult to determine is the fact that they are very small (for the up and down) or small (for the strange) compared to typical hadronic scales. Thus, their impact on typical hadronic observables is minute and it is difficult to isolate their contribution accurately.

Fortunately, the spontaneous breaking of SU(3)$\documentclass[12pt]{minimal}
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                \begin{document}$$_R$$\end{document}$ chiral symmetry provides observables which are particularly sensitive to the light-quark masses: the masses of the resulting Nambu--Goldstone bosons (NGB), i.e. pions, kaons and etas. Indeed, the Gell-Mann--Oakes--Renner relation \[[@CR18]\] predicts that the squared mass of a NGB is directly proportional to the sum of the masses of the quark and antiquark which compose it, up to higher-order mass corrections. Moreover, because these NGBs are light and are composed of only two valence particles, their masses have a particularly clean statistical signal in lattice-QCD calculations. In addition, the experimental uncertainties on these meson masses are negligible.

Three flavour QCD has four free parameters: the strong coupling, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}$$\end{document}$. However, present day lattice calculations are often performed in the isospin limit, and the up and down quark masses (especially those in the sea) usually get replaced by a single parameter: the isospin-averaged up- and down-quark mass, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{ud}=\frac{1}{2}(m_{u}+m_{d})$$\end{document}$. A lattice determination of these parameters requires two steps:Calculations of three experimentally measurable quantities are used to fix the three bare parameters. As already discussed, NGB masses are particularly appropriate for fixing the light-quark masses. Another observable, such as the mass of a member of the baryon octet, can be used to fix the overall scale. It is important to note that until recently, most calculations were performed at values of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{ud}$$\end{document}$ which were still substantially larger than its physical value, typically four times as large. Reaching the physical up- and down-quark mass point required a significant extrapolation. This situation is changing fast. The PACS-CS \[[@CR19]--[@CR21]\] and BMW \[[@CR22], [@CR23]\] calculations were performed with masses all the way down to their physical value (and even below in the case of BMW), albeit in very small volumes for PACS-CS. More recently, MILC \[[@CR24]\] and RBC/UKQCD \[[@CR25]\] have also extended their simulations almost down to the physical point, by considering pions with $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\pi \gtrsim 170\,\mathrm{MeV}$$\end{document}$.[5](#Fn5){ref-type="fn"} Regarding the strange quark, modern simulations can easily include them with masses that bracket its physical value, and only interpolations are needed.Renormalisations of these bare parameters must be performed to relate them to the corresponding cutoff-independent, renormalised parameters.[6](#Fn6){ref-type="fn"} These are short-distance calculations, which may be performed perturbatively. Experience shows that one-loop calculations are unreliable for the renormalisation of quark masses: usually at least two loops are required to have trustworthy results. Therefore, it is best to perform the renormalisations non-perturbatively to avoid potentially large perturbative uncertainties due to neglected higher-order terms. However, we will include in our averages one-loop results which carry a solid estimate of the systematic uncertainty due to the truncation of the series.Of course, in quark mass ratios the renormalisation factor cancels, so that this second step is no longer relevant.

Contributions from the electromagnetic interaction {#Sec11}
--------------------------------------------------

As mentioned in Sect. [2.1](#Sec5){ref-type="sec"}, the present review relies on the hypothesis that, at low energies, the Lagrangian $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{L}_{\mathrm{QCD}}+\mathcal{L}_{\mathrm{QED}}$$\end{document}$ describes nature to a high degree of precision. Moreover, we assume that, at the accuracy reached by now and for the quantities discussed here, the difference between the results obtained from simulations with three dynamical flavours and full QCD is small in comparison with the quoted systematic uncertainties. This will soon no longer be the case. The electromagnetic (e.m.) interaction, on the other hand, cannot be ignored. Quite generally, when comparing QCD calculations with experiment, radiative corrections need to be applied. In lattice simulations, where the QCD parameters are fixed in terms of the masses of some of the hadrons, the electromagnetic contributions to these masses must be accounted for.[7](#Fn7){ref-type="fn"}

The electromagnetic interaction plays a crucial role in determinations of the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}/m_{ud}$$\end{document}$, the electromagnetic interaction is less important, but at the accuracy reached, it cannot be neglected. The reason is that, in the determination of this ratio, the pion mass enters as an input parameter. Because $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\pi $$\end{document}$ represents a small symmetry-breaking effect, it is rather sensitive to the perturbations generated by QED.

We distinguish the physical mass $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{M}_P$$\end{document}$ within QCD alone. The e.m. self-energy is the difference between the two, $\documentclass[12pt]{minimal}
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                \begin{document}$$M_P^\gamma \equiv M_P-\hat{M}_P$$\end{document}$. Because the self-energy of the Nambu--Goldstone bosons diverges in the chiral limit, it is convenient to replace it by the contribution of the e.m. interaction to the *square* of the mass,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Delta _{P}^\gamma \equiv M_P^2-\hat{M}_P^2= 2\,M_P M_P^\gamma +O(e^4). \end{aligned}$$\end{document}$$The main effect of the e.m. interaction is an increase in the mass of the charged particles, generated by the photon cloud that surrounds them. The self-energies of the neutral ones are comparatively small, particularly for the Nambu--Goldstone bosons, which do not have a magnetic moment. Dashen's theorem \[[@CR31]\] confirms this picture, as it states that, to leading order (LO) of the chiral expansion, the self-energies of the neutral NGBs vanish, while the charged ones obey $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _{K^+}^\gamma = \Delta _{\pi ^+}^\gamma $$\end{document}$. It is convenient to express the self-energies of the neutral particles as well as the mass difference between the charged and neutral pions within QCD in units of the observed mass difference, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _\pi \equiv M_{\pi ^+}^2-M_{\pi ^0}^2$$\end{document}$:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Delta _{\pi ^0}^\gamma \equiv \epsilon _{\pi ^0}\,\Delta _\pi ,\Delta _{K^0}^\gamma \!\equiv \! \epsilon _{K^0}\,\Delta _\pi ,\hat{M}_{\pi ^+}^2\!-\! \hat{M}_{\pi ^0}^2\equiv \epsilon _{m}\,\Delta _\pi .\end{aligned}$$\end{document}$$In this notation, the self-energies of the charged particles are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ parameterises the violation of Dashen's theorem,[8](#Fn8){ref-type="fn"}$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Delta _{K^+}^\gamma -\Delta _{K^0}^\gamma - \Delta _{\pi ^+}^\gamma +\Delta _{\pi ^0}^\gamma \equiv \epsilon \,\Delta _\pi .\end{aligned}$$\end{document}$$Any determination of the light-quark masses based on a calculation of the masses of $\documentclass[12pt]{minimal}
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                \begin{document}$$K^0$$\end{document}$ within QCD requires an estimate for the coefficients $\documentclass[12pt]{minimal}
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The first determination of the self-energies on the lattice was carried out by Duncan et al. \[[@CR33]\]. Using the quenched approximation, they arrived at $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{K^+}^\gamma -M_{K^0}^\gamma = 1.9\,\hbox {MeV}$$\end{document}$. Actually, the parameterisation of the masses given in that paper yields an estimate for all but one of the coefficients introduced above (since the mass splitting between the charged and neutral pions in QCD is neglected, the parameterisation amounts to setting $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{m}=0$$\end{document}$ ab initio). Evaluating the differences between the masses obtained at the physical value of the electromagnetic coupling constant and at $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{K^0} = 0.23(3)$$\end{document}$. The errors quoted are statistical only: an estimate of lattice systematic errors is not possible from the limited results of Duncan et al. \[[@CR33]\]. The result for $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ indicates that the violation of Dashen's theorem is sizeable: according to this calculation, the non-leading contributions to the self-energy difference of the kaons amount to 50 % of the leading term. The result for the self-energy of the neutral pion cannot be taken at face value, because it is small, comparable to the neglected mass difference $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{M}_{\pi ^+}-\hat{M}_{\pi ^0}$$\end{document}$. To illustrate this, we note that the numbers quoted above are obtained by matching the parameterisation with the physical masses for $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{\pi ^+}$$\end{document}$ comes out correctly, the result for the self-energy of the neutral pion becomes larger: $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{\pi ^0}=0.10(7)$$\end{document}$ where, again, the error is statistical only.

In an update of this calculation by the RBC collaboration \[[@CR34]\] (RBC 07), the electromagnetic interaction is still treated in the quenched approximation, but the strong interaction is simulated with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2$$\end{document}$ dynamical quark flavours. The quark masses are fixed with the physical masses of $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{K^+}^\gamma -M_{K^0}^\gamma = 1.443(55)\,\hbox {MeV}$$\end{document}$. This corresponds to a remarkably small violation of Dashen's theorem. Indeed, a recent extension of this work to $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ dynamical flavours \[[@CR32]\] leads to a significantly larger self-energy difference: $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon =0.5(1)$$\end{document}$.

The input for the electromagnetic corrections used by MILC is specified in \[[@CR35]\]. In their analysis of the lattice data, $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{m}$$\end{document}$ are set equal to zero. For the remaining coefficient, which plays a crucial role in determinations of the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon =1\pm 1$$\end{document}$ was used in MILC 04 \[[@CR36]\], while in more recent work, in particular in MILC 09 \[[@CR15]\] and MILC 09A \[[@CR37]\], this input is replaced by $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon =1.2\pm 0.5$$\end{document}$, as suggested by phenomenological estimates for the corrections to Dashen's theorem \[[@CR38], [@CR39]\]. Results of an evaluation of the electromagnetic self-energies based on $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ dynamical quarks in the QCD sector and on the quenched approximation in the QED sector are also reported by MILC \[[@CR40]--[@CR42]\]. Their preliminary result is $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{\epsilon }=0.65(7)(14)(10)$$\end{document}$, where the first error is statistical, the second systematic, and the third a separate systematic for the combined chiral and continuum extrapolation. The estimate of the systematic error does not yet include finite-volume effects. With the estimate for $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon = 0.62(7)(14)(10)$$\end{document}$. Similar preliminary results were previously reported by the BMW collaboration in conference proceedings \[[@CR43], [@CR44]\].

The RM123 collaboration employs a new technique to compute e.m. shifts in hadron masses in two-flavour QCD: the effects are included at leading order in the electromagnetic coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ through simple insertions of the fundamental electromagnetic interaction in quark lines of relevant Feynman graphs \[[@CR45]\]. They find $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon =0.79(18)(18)$$\end{document}$ where the first error is statistical and the second is the total systematic error resulting from chiral, finite-volume, discretisation, quenching and fitting errors all added in quadrature.

The effective Lagrangian that governs the self-energies to next-to-leading order (NLO) of the chiral expansion was set up in \[[@CR46]\]. The estimates in \[[@CR38], [@CR39]\] are obtained by replacing QCD with a model, matching this model with the effective theory and assuming that the effective coupling constants obtained in this way represent a decent approximation to those of QCD. For alternative model estimates and a detailed discussion of the problems encountered in models based on saturation by resonances, see \[[@CR47]--[@CR49]\]. In the present review of the information obtained on the lattice, we avoid the use of models altogether.

There is an indirect phenomenological determination of $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon = 0.70(28)$$\end{document}$ (see Sect. [3.4](#Sec16){ref-type="sec"}). While the values found in older lattice calculations \[[@CR32]--[@CR34]\] are a little less than one standard deviation lower, the most recent determinations \[[@CR40]--[@CR45], [@CR50]\], though still preliminary, are in excellent agreement with this result and have significantly smaller error bars. However, even in the more recent calculations, e.m. effects are treated in the quenched approximation. Thus, we choose to quote $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta \rightarrow 3\pi $$\end{document}$ result and covers generously the range of post 2010 lattice results. Note that this value has an uncertainty which is reduced by about 40 % compared to the result quoted in the first edition of the FLAG review \[[@CR1]\].

We add a few comments concerning the physics of the self-energies and then specify the estimates used as an input in our analysis of the data. The Cottingham formula \[[@CR51]\] represents the self-energy of a particle as an integral over electron scattering cross sections; elastic as well as inelastic reactions contribute. For the charged pion, the term due to elastic scattering, which involves the square of the e.m. form factor, makes a substantial contribution. In the case of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi ^0$$\end{document}$, this term is absent, because the form factor vanishes on account of charge conjugation invariance. Indeed, the contribution from the form factor to the self-energy of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi ^+$$\end{document}$ roughly reproduces the observed mass difference between the two particles. Furthermore, the numbers given in \[[@CR52]--[@CR54]\] indicate that the inelastic contributions are significantly smaller than the elastic contributions to the self-energy of the $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{u},m_{d}\rightarrow 0$$\end{document}$, the e.m. self-energy of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi ^0$$\end{document}$ vanishes, while the one of the $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\times $$\end{document}$ SU(2). In our opinion, $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{\pi ^0}=0.07(7)$$\end{document}$ is a conservative estimate for this coefficient. The self-energy of the $\documentclass[12pt]{minimal}
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                \begin{document}$$K^0$$\end{document}$ is suppressed less strongly, because it remains different from zero if $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\epsilon _{K^0}=0.3(3)$$\end{document}$.

Finally, we consider the mass splitting between the charged and neutral pions in QCD. This effect is known to be very small, because it is of second order in $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{M}_{\pi ^+}^2-\hat{M}_{\pi ^0}^2$$\end{document}$ in terms of the physical masses of the pseudoscalar octet and is valid to NLO of the chiral perturbation series. Numerically, the relation yields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon _{m}=0.04$$\end{document}$ \[[@CR56]\], indicating that this contribution does not play a significant role at the present level of accuracy. We attach a conservative error also to this coefficient: $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{m}=0.04(2)$$\end{document}$. The lattice result for the self-energy difference of the pions, reported in \[[@CR32]\], $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{m}$$\end{document}$ that measures the pion mass splitting in QCD, the result corresponds to $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{m}=0.04(5)$$\end{document}$. The corrections of next-to-next-to-leading order (NNLO) have been worked out \[[@CR57]\], but the numerical evaluation of the formulae again meets with the problem that the relevant effective coupling constants are not reliably known.

In summary, we use the following estimates for the e.m. corrections:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ affects our analysis in a significant way, the numerical values of the other coefficients only serve to set the scale of these contributions. The range given for $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{K^0}$$\end{document}$ may be overly generous, but because of the exploratory nature of the lattice determinations, we consider it advisable to use a conservative estimate.

Treating the uncertainties in the four coefficients as statistically independent and adding errors in quadrature, the numbers in equation ([9](#Equ9){ref-type=""}) yield the following estimates for the e.m. self-energies,$$\documentclass[12pt]{minimal}
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Pion and kaon masses in the isospin limit {#Sec12}
-----------------------------------------

As mentioned above, most of the lattice calculations concerning the properties of the light mesons are performed in the isospin limit of QCD ($\documentclass[12pt]{minimal}
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This shows that, for the convention used above to specify the QCD sector of the Standard Model, and within the accuracy to which this convention can currently be implemented, the mass of the pion in the isospin limit agrees with the physical mass of the neutral pion: $\documentclass[12pt]{minimal}
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We now turn to a review of the lattice calculations of the light-quark masses and begin with $\documentclass[12pt]{minimal}
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Quark masses have been calculated on the lattice since the mid-1990s. However, early calculations were performed in the quenched approximation, leading to unquantifiable systematics. Thus in the following, we only review modern, unquenched calculations, which include the effects of light sea-quarks.
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                \begin{document}$$r_0/a$$\end{document}$ by QCDSF/UKQCD 04 \[[@CR66]\] which differ significantly from the new determination by ALPHA 12. As in ALPHA 05, in ALPHA 12 both non-perturbative running and non-perturbative renormalisation are performed in a controlled fashion, using Schrödinger functional methods.
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We have not discussed yet the precise results of Dürr 11 \[[@CR61]\] which satisfy our selection criteria. This is because Dürr 11 pursue an approach which is sufficiently different from the one of other calculations that we prefer not to include it in an average at this stage. Following HPQCD 09A, 10 \[[@CR72], [@CR73]\], the observable which they actually compute is $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{ud}$$\end{document}$, Dürr 11 combine their result for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{s}$$\end{document}$ with the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ calculation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{s}/m_{ud}$$\end{document}$ of BMW 10A, 10B \[[@CR22], [@CR23]\] discussed below. They obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{ud}=3.52(10)(9)\,\mathrm{MeV}$$\end{document}$ with a total uncertainty of less than 4 %, which is again fully consistent with our estimate of ([13](#Equ13){ref-type=""}) and its uncertainty.
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ rooted staggered fermion calculations for the past ten or so years. They have covered an impressive range of parameter space, with lattice spacings which, today, go down to 0.045 fm and valence pion masses down to approximately 180 MeV \[[@CR37]\]. The most recent updates, MILC 10A \[[@CR75]\] and MILC 09A \[[@CR37]\], include significantly more data and use two-loop renormalisation. Since these data sets subsume those of their previous calculations, these latest results are the only ones that must be kept in any world average.

Since our last report \[[@CR1]\] the situation for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ determinations of light quarks has undergone some evolution. There are new computations by RBC/UKQCD 12 \[[@CR25]\], PACS-CS 12 \[[@CR76]\] and Laiho 11 \[[@CR77]\]. Furthermore, the results of BMW 10A, 10B \[[@CR22], [@CR23]\] have been published and can now be included in our averages.

The RBC/UKQCD 12 \[[@CR25]\] computation improves on the one of RBC/UKQCD 10A \[[@CR78]\] in a number of ways. In particular it involves a new simulation performed at a rather coarse lattice spacing of 0.144 fm, but with unitary pion masses down to 171(1) MeV and valence pion masses down to 143(1) MeV in a volume of $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\pi $$\end{document}$ and to the infinite-volume limit. As before, they perform non-perturbative renormalisation and running in RI/SMOM schemes. The only weaker point of the calculation comes from the fact that two of their three lattice spacings are larger than 0.1 fm and correspond to different discretisations, while the finest is only 0.085 fm, making it difficult to convincingly claim full control over the continuum limit. This is mitigated by the fact that the scaling violations which they observe on their coarsest lattice are for many quantities small, around 5 %.

The Laiho 11 results \[[@CR77]\] are based on MILC staggered ensembles at the lattice spacings 0.15, 0.09 and 0.06 fm, on which they propagate domain-wall quarks. Moreover, they work in volumes of up to $\documentclass[12pt]{minimal}
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                \begin{document}$$(4.8\,\,{\mathrm {fm}})^3$$\end{document}$. These features give them full control over the continuum and infinite-volume extrapolations. Their lightest RMS sea pion mass is 280 MeV and their valence pions have masses down to 210 MeV. The fact that their sea pions do not enter deeply into the chiral regime penalises somewhat their extrapolation to physical $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_\pi $$\end{document}$. Moreover, to renormalise the quark masses, they use one-loop perturbation theory for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_A/Z_S-1$$\end{document}$ which they combine with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_A$$\end{document}$ determined non-perturbatively from the axial-vector Ward identity. Although they conservatively estimate the uncertainty associated with the procedure to be 5 %, which is the size of their largest one-loop correction, this represents a weaker point of this calculation.

The new PACS-CS 12 \[[@CR76]\] calculation represents an important extension of the collaboration's earlier 2010 computation \[[@CR21]\], which already probed pion masses down to $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\pi \simeq 135\,\mathrm{MeV}$$\end{document}$, i.e. down to the physical-mass point. This was achieved by reweighting the simulations performed in PACS-CS 08 \[[@CR19]\] at $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\pi \simeq 160\,\mathrm{MeV}$$\end{document}$. If adequately controlled, this procedure eliminates the need to extrapolate to the physical-mass point and, hence, the corresponding systematic error. The new calculation now applies similar reweighting techniques to include electromagnetic and $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{u}\ne m_{d}$$\end{document}$ isospin-breaking effects directly at the physical pion mass. It technically adds to Blum 10 \[[@CR32]\] and BMW's preliminary results of \[[@CR43], [@CR44]\] by including these effects not only for valence but also for sea-quarks, as is also done in \[[@CR86]\]. Further, as in PACS-CS 10 \[[@CR21]\], renormalisation of quark masses is implemented non-perturbatively, through the Schrödinger functional method \[[@CR87]\]. As it stands, the main drawback of the calculation, which makes the inclusion of its results in a world average of lattice results inappropriate at this stage, is that for the lightest quark mass the volume is very small, corresponding to $\documentclass[12pt]{minimal}
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                \begin{document}$$LM_\pi \simeq 2.0$$\end{document}$, a value for which finite-volume effects will be difficult to control. Another problem is that the calculation was performed at a single lattice spacing, forbidding a continuum extrapolation. Further, it is unclear at this point what might be the systematic errors associated with the reweighting procedure.

As shown by the colour-coding in Tables [3](#Tab3){ref-type="table"} and [4](#Tab4){ref-type="table"}, the BMW 10A, 10B \[[@CR22], [@CR23]\] calculation is still the only one to have addressed all sources of systematic effects while reaching the physical up- and down-quark mass by *interpolation* instead of by extrapolation. Moreover, their calculation was performed at five lattice spacings ranging from 0.054 to 0.116 fm, with full non-perturbative renormalisation and running and in volumes of up to (6 fm)$\documentclass[12pt]{minimal}
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                \begin{document}$$^3$$\end{document}$ guaranteeing that the continuum limit, renormalisation and infinite-volume extrapolation are controlled. It does neglect, however, isospin-breaking effects, which are small on the scale of their error bars.

Finally we come to another calculation which satisfies our selection criteria, HPQCD 10 \[[@CR73]\] (which updates HPQCD 09A \[[@CR72]\]). The strange-quark mass is computed using a precise determination of the charm-quark mass, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{c}(m_{c})=1.273(6)$$\end{document}$ GeV \[[@CR73], [@CR85]\], whose accuracy is better than 0.5 %, and a calculation of the quark-mass ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{c}/m_{s}=11.85(16)$$\end{document}$ \[[@CR72]\], which achieves a precision slightly above 1 %. The determination of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}$$\end{document}$ to one of renormalisation in the continuum for the determination of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{ud}$$\end{document}$ HPQCD 10 \[[@CR73]\] use the MILC 09 determination of the quark-mass ratio $\documentclass[12pt]{minimal}
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The high precision quoted by HPQCD 10 on the strange-quark mass relies in large part on the precision reached in the determination of the charm-quark mass \[[@CR73], [@CR85]\]. This calculation uses an approach based on the lattice determination of moments of charm-quark pseudoscalar, vector and axial-vector correlators. These moments are then combined with four-loop results from continuum perturbation theory to obtain a determination of the charm-quark mass in the $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\mathrm{MS}}}$$\end{document}$ scheme. In the preferred case, in which pseudoscalar correlators are used for the analysis, there are no lattice renormalisation factors required, since the corresponding axial-vector current is partially conserved in the staggered lattice formalism.

Instead of combining the result for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{c}$$\end{document}$ from \[[@CR73]\], one can use it with the PDG \[[@CR74]\] average $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{c}(m_{c})=1.275(25)\,\mathrm{GeV}$$\end{document}$, whose error is four times as large as the one obtained by HPQCD 10. If one does so, one obtains $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}=92.3(2.2)$$\end{document}$ in lieu of the value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{s}=92.2(1.3)$$\end{document}$ given in Table [3](#Tab3){ref-type="table"}, thereby nearly doubling HPQCD 10's error. Though we plan to do so in the future, we have not yet performed a review of lattice determinations of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{c}$$\end{document}$. Thus, as for the results of Dürr 11 \[[@CR61]\] in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2$$\end{document}$ case, we postpone its inclusion in our final averages until we have performed an independent analysis of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{c}$$\end{document}$, emphasizing that this novel strategy for computing the light-quark masses may very well turn out to be the best way to determine them.

This discussion leaves us with three results for our final average for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}$$\end{document}$, those of MILC 09A \[[@CR37]\], BMW 10A, 10B \[[@CR22], [@CR23]\] and RBC/UKQCD 12 \[[@CR25]\], and the result of HPQCD 10 \[[@CR73]\] as an important cross-check. Thus, we first check that the three other results which will enter our final average are consistent with HPQCD 10's result. To do this we implement the averaging procedure described in Sect. [2.2](#Sec8){ref-type="sec"} on all four results. This yields $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2/\hbox {dof} = 3.0/3=1.0$$\end{document}$, indicating overall consistency. Note that in making this average, we have accounted for correlations in the small statistical errors of HPQCD 10 and MILC 09A. Omitting HPQCD 10 in our final average results in an increase by 50 % of the average's uncertainty and by 0.8 $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{ud}$$\end{document}$, we replace MILC 09A by the more recent analysis reported in MILC 10A \[[@CR75]\]. A fit of all four results yields $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2/\hbox {dof} = 2.4/2=1.2$$\end{document}$. Here the results are barely distinguishable, indicating full compatibility of all four results. Note that the outcome of the averaging procedure amounts to a determination of $\documentclass[12pt]{minimal}
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The heavy sea-quarks affect the determination of the light-quark masses only through contributions of order $\documentclass[12pt]{minimal}
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                \begin{document}$$1/m_{c}^2$$\end{document}$, which moreover are suppressed by the Okubo--Zweig--Iizuka-rule. We expect these contributions to be small. However, note that the effect of omitted sea quarks on a given quantity is not uniquely defined: the size of the effect depends on how the theories with and without these flavours are matched. One way to set conventions is to ensure that the bare parameters common to both theories are fixed by the same physical observables and that the renormalisations are performed in the same scheme and at the same scale, with the appropriate numbers of flavours.

An upper bound on the heavy-quark contributions can be obtained by looking at the presumably much larger effect associated with omitting the strange quark in the sea. Within errors, the average value $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f} = 2$$\end{document}$ quoted in ([13](#Equ13){ref-type=""}): assuming that the underlying calculations more or less follow the above matching prescription, the effects generated by the quenching of the strange quark in $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ results is, we believe, a significant overestimate.

An underestimate of the upper bound on the sea-charm contributions to $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{ud}$$\end{document}$ due to the omission of charm is of order 0.1 %.

One could also try to estimate the effect by analysing the relation between the parameters of QCD$\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$-functions, which control the renormalisation of the coupling constants and quark masses, respectively, are known to four loops \[[@CR83], [@CR84], [@CR96], [@CR97]\]. The precision achieved in this framework for the decoupling of the $\documentclass[12pt]{minimal}
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                \begin{document}$$1/m_{c}^2$$\end{document}$ cannot be neglected and the decoupling formulae of perturbation theory do not provide a reliable evaluation, because the scale $\documentclass[12pt]{minimal}
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                \begin{document}$$2+1+1$$\end{document}$ dynamical quarks have already been carried out \[[@CR24], [@CR98]\]. For the moment, we choose to consider a crude, and hopefully reasonably conservative, upper bound on the size of the effects due to the neglected heavy quarks that can be established within the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$M_\Lambda $$\end{document}$ agrees well with experiment within the 2.3 % accuracy of the calculation. Because of the very strong correlations between the statistical and systematic errors of these two masses, we expect the uncertainty in the difference $\documentclass[12pt]{minimal}
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Taking this uncertainty into account yields the following averages:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} N_\mathrm{f}\!=\!2\!+\!1 : m_{ud} \!=\! 3.42(6)(7) ;\mathrm{MeV},\ m_{s}\!=\! 93.8(1.5)(1.9);\mathrm{MeV},\nonumber \\ \end{aligned}$$\end{document}$$where the first error comes from the averaging of the lattice results, and the second is the one that we add to account for the neglect of sea effects from the charm and more massive quarks. This corresponds to determinations of $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\mathrm{MS}}}$$\end{document}$ scheme, running scale 2 GeV). The *central* and *top panels* show the lattice results listed in Tables [2](#Tab2){ref-type="table"} and [3](#Tab3){ref-type="table"}. For comparison, the *bottom panel* collects a few sum rule results and also indicates the current PDG estimate. *Diamonds* represent results based on perturbative renormalisation, while *squares* indicate that, in the relation between the lattice regularised and renormalised $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\mathrm{MS}}}$$\end{document}$ masses, non-perturbative effects are accounted for. The *black squares* and the *grey bands* represent our estimates ([13](#Equ13){ref-type=""}) and ([14](#Equ14){ref-type=""}). The significance of the colours is explained in Sect. [2](#Sec4){ref-type="sec"}Fig. 2Mean mass of the two lightest quarks, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}/m_{d}$$\end{document}$ \[[@CR100]\], in accordance with the fact that these do account for the e.m. interaction at leading chiral order, and neglect the mass difference between the charged and neutral pions in QCD. Inserting the estimates ([9](#Equ9){ref-type=""}) gives the effect of chiral corrections to the e.m. self-energies and of the mass difference between the charged and neutral pions in QCD. With these, the LO prediction in QCD becomes$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{m_{s}}{m_{ud}}\mathop {=}\limits ^{\mathrm{LO}}25.9(1).\end{aligned}$$\end{document}$$The quoted uncertainty does not include an estimate for the higher-order contributions, but it only accounts for the error bars in the coefficients, which is dominated by the one in the estimate given for $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{\pi ^0}$$\end{document}$. The fact that the central value remains unchanged indicates that chiral corrections to the e.m. self-energies and mass-difference corrections are small in this particular quantity. However, given the high accuracy reached in lattice determinations of the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}/m_{ud}$$\end{document}$, the uncertainties associated with e.m. corrections are no longer completely irrelevant. This is seen by comparing the 0.1 in ([17](#Equ17){ref-type=""}) with the 0.15 in ([18](#Equ18){ref-type=""}). Nevertheless, this uncertainty is still smaller than our $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}/m_{ud}$$\end{document}$. The *upper* part indicates the lattice results listed in Table [4](#Tab4){ref-type="table"}. The *lower* part shows results obtained from $\documentclass[12pt]{minimal}
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The lattice results in Table [4](#Tab4){ref-type="table"}, which satisfy our selection criteria, indicate that the corrections generated by the nonleading terms of the chiral perturbation series are remarkably small, in the range 3--10 %. Despite the fact that the SU(3)-flavour-symmetry-breaking effects in the Nambu--Goldstone boson masses are very large ($\documentclass[12pt]{minimal}
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                \begin{document}$$M_K^2\simeq 13\, M_\pi ^2$$\end{document}$), the mass spectrum of the pseudoscalar octet obeys the SU(3) $\documentclass[12pt]{minimal}
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                \begin{document}$$\times $$\end{document}$ SU(3) formula ([15](#Equ15){ref-type=""}) very well.
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                \begin{document}$$m_{s}/m_{ud}$$\end{document}$ is based on the results of MILC 09A, BMW 10A, 10B and RBC/UKQCD 12---the value quoted by HPQCD 10 does not represent independent information as it relies on the result for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}/m_{ud}$$\end{document}$ obtained by the MILC collaboration. Averaging these results according to the precription of Sect. [2.3](#Sec9){ref-type="sec"} gives $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2/\hbox {dof}=0.2/2$$\end{document}$. The fit is dominated by MILC 09A and BMW 10A, 10B. Since the errors associated with renormalisation drop out in the ratio, the uncertainties are even smaller than in the case of the quark masses themselves: the above number for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}/m_{ud}$$\end{document}$ amounts to an accuracy of 0.5 %.

At this level of precision, the uncertainties in the electromagnetic and strong isospin-breaking corrections are not completely negligible. The error estimate in the LO result ([17](#Equ17){ref-type=""}) indicates the expected order of magnitude. The uncertainties in $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{ud}$$\end{document}$ associated with the heavy sea-quarks cancel at least partly. In view of this, we ascribe a total 1.5 % uncertainty to these two sources of error. Thus, we are convinced that our final estimate,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} N_\mathrm{f}=2+1 :\quad \frac{m_{s}}{m_{ud}}=27.46(15)(41),\end{aligned}$$\end{document}$$is on the conservative side, with a total 1.5 % uncertainty. It is also fully consistent with the ratio computed from our individual quark masses in ([14](#Equ14){ref-type=""}), $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}/m_{ud}=27.6(6)$$\end{document}$, which has a larger 2.2 % uncertainty. In ([18](#Equ18){ref-type=""}) the first error comes from the averaging of the lattice results, and the second is the one that we add to account for the neglect of isospin-breaking and heavy sea-quark effects.

The lattice results show that the LO prediction of $\documentclass[12pt]{minimal}
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                \begin{document}$$5.7\pm 1.5\, \%$$\end{document}$. Our estimate does therefore not represent a very sharp determination of the higher-order contributions.
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                \begin{document}$$m_{s}/m_{ud}$$\end{document}$ can also be extracted from the masses of the neutral Nambu--Goldstone bosons: neglecting effects of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta $$\end{document}$-mass on the lattice. The comparison with ([18](#Equ18){ref-type=""}) shows that, in this case, the contributions of NLO are somewhat larger: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$14\pm 2$$\end{document}$ %.
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-------------------------------------------------------------------------------------------
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                \begin{document}$$m_{d}$$\end{document}$ separately requires additional input. MILC 09A \[[@CR37]\] uses the mass difference between $\documentclass[12pt]{minimal}
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                \begin{document}$$K^+$$\end{document}$, from which they subtract electromagnetic effects using Dashen's theorem with corrections, as discussed in Sect. [3.1](#Sec11){ref-type="sec"}. The up- and down- sea-quarks remain degenerate in their calculation, fixed to the value of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{u}/m_{d}$$\end{document}$, BMW 10A, 10B \[[@CR22], [@CR23]\] follow a slightly different strategy. They obtain this ratio from their result for $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{s}/m_{ud}$$\end{document}$ combined with a phenomenological determination of the isospin-breaking quark-mass ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta \rightarrow 3\pi $$\end{document}$ decays \[[@CR30]\] (the decay $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta \rightarrow 3\pi $$\end{document}$ is very sensitive to QCD isospin-breaking but fairly insensitive to QED isospin-breaking). As discussed in Sect. [3.5](#Sec17){ref-type="sec"}, the central value of the e.m. parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ in ([9](#Equ9){ref-type=""}) is taken from the same source.

RM123 11 \[[@CR105]\] actually uses the e.m. parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon =0.7(5)$$\end{document}$ from the first edition of the FLAG review \[[@CR1]\]. However, they estimate the effects of strong isospin-breaking at first non-trivial order, by inserting the operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{2}(m_{u}-m_{d})\int (\bar{u}u-\bar{d}d)$$\end{document}$ into correlation functions, while performing the gauge averages in the isospin limit. Applying these techniques, they obtain $\documentclass[12pt]{minimal}
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                \begin{document}$$(\hat{M}_{K^0}^2-\hat{M}_{K^+}^2)/(m_{d}-m_{u})=2.57(8)\,\mathrm{MeV}$$\end{document}$. Combining this result with the phenomenological $\documentclass[12pt]{minimal}
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Instead of subtracting electromagnetic effects using phenomenology, RBC 07 \[[@CR34]\] and Blum 10 \[[@CR32]\] actually include a quenched electromagnetic field in their calculation. This means that their results include corrections to Dashen's theorem, albeit only in the presence of quenched electromagnetism. Since the up- and down-quarks in the sea are treated as degenerate, very small isospin corrections are neglected, as in MILC's calculation.
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It is interesting to compare the assumptions made or results obtained by the different collaborations for the violation of Dashen's theorem. The input used in MILC 09A is $\documentclass[12pt]{minimal}
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Given the exploratory nature of the RBC 07 calculation, its results do not allow us to draw solid conclusions about the e.m. contributions to $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} N_\mathrm{f}&= 2: m_{u} =2.40(23)\,\mathrm{MeV},\quad m_{d} = 4.80(23) \,\mathrm{MeV},\nonumber \\&\frac{m_{u}}{m_{d}} = 0.50(4), \end{aligned}$$\end{document}$$with errors of roughly 10, 5 and 8 %, respectively. In these results, the errors are obtained by combining the lattice statistical and systematic errors in quadrature.
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                \begin{document}$$\begin{aligned}&N_\mathrm{f}= 2+1: m_{u} =2.16(9)(7)\,\mathrm{MeV},\nonumber \\&\quad m_{d} = 4.68(14)(7) \,\mathrm{MeV},\frac{m_{u}}{m_{d}} = 0.46(2)(2).\end{aligned}$$\end{document}$$In these results, the first error represents the lattice statistical and systematic errors, combined in quadrature, while the second arises from the uncertainties associated with e.m. corrections of ([9](#Equ9){ref-type=""}). The estimates in ([23](#Equ23){ref-type=""}) have uncertainties of order 5, 3 and 7 %, respectively.

Naively propagating errors to the end, we obtain $\documentclass[12pt]{minimal}
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                \begin{document}$$(m_{u}/m_{d})_{N_\mathrm{f}=2}/(m_{u}/m_{d})_{N_\mathrm{f}=2+1}=1.09(10)$$\end{document}$. If instead of ([22](#Equ22){ref-type=""}) we use the results from RM123 11, modified by the e.m. corrections in ([9](#Equ9){ref-type=""}), as was done in our previous review, we obtain $\documentclass[12pt]{minimal}
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It is interesting to note that in the results above, the errors are no longer dominated by the uncertainties in the input used for the electromagnetic corrections, though these are still significant at the level of precision reached in the $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{u}/m_{d}$$\end{document}$ obtained on the lattice stems from electromagnetism, the higher orders in the chiral perturbation generating a comparable correction.

In view of the fact that a *massless up-quark* would solve the strong CP-problem, many authors have considered this an attractive possibility, but the results presented above exclude this possibility: the value of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{u}$$\end{document}$ in ([23](#Equ23){ref-type=""}) differs from zero by 20 standard deviations. We conclude that nature solves the strong CP-problem differently. This conclusion relies on lattice calculations of kaon masses and on the phenomenological estimates of the e.m. self-energies discussed in Sect. [3.1](#Sec11){ref-type="sec"}. The uncertainties therein currently represent the limiting factor in determinations of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{d}$$\end{document}$. As demonstrated in \[[@CR32]--[@CR34], [@CR40]--[@CR44], [@CR50]\], lattice methods can be used to calculate the e.m. self-energies. Further progress on the determination of the light-quark masses hinges on an improved understanding of the e.m. effects.
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---------------------------------------------------------------------------------------
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                \begin{document}$$Q$$\end{document}$ is of particular interest because of a low-energy theorem \[[@CR106]\], which relates it to a ratio of meson masses,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&Q^2_M\equiv \frac{\hat{M}_K^2}{\hat{M}_\pi ^2}\cdot \frac{\hat{M}_K^2-\hat{M}_\pi ^2}{\hat{M}_{K^0}^2-\hat{M}_{K^+}^2} ,\quad \hat{M}^2_\pi \equiv \frac{1}{2}\left( \hat{M}^2_{\pi ^+}+ \hat{M}^2_{\pi ^0}\right) ,\nonumber \\&\quad \hat{M}^2_K\equiv \frac{1}{2}\left( \hat{M}^2_{K^+}+\hat{M}^2_{K^0}\right) .\end{aligned}$$\end{document}$$Chiral symmetry implies that the expansion of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R=40.7(3.7)(2.2),\quad Q=24.3(1.4)(0.6) , \end{aligned}$$\end{document}$$where the errors have been propagated naively and the e.m. uncertainty has been separated out, as discussed in the third paragraph after ([21](#Equ21){ref-type=""}). Thus, the meaning of the errors is the same as in ([23](#Equ23){ref-type=""}). These numbers agree within errors with those reported in \[[@CR45]\] where values for $\documentclass[12pt]{minimal}
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This section summarises state of the art lattice calculations of the leptonic kaon and pion decay constants and the kaon semileptonic decay form factor and provides an analysis in view of the Standard Model. With respect to the previous edition of the FLAG review \[[@CR1]\] the data in this section have been updated, correlations of lattice data are now taken into account in all the analysis and a subsection on the individual decay constants $\documentclass[12pt]{minimal}
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The following review relies on the fact that precision experimental data on kaon decays very accurately determine the product $\documentclass[12pt]{minimal}
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The experimental results in Eq. ([32](#Equ32){ref-type=""}) are for the semileptonic decay of a neutral kaon into a negatively charged pion and the charged pion and kaon leptonic decays, respectively, in QCD. In the case of the semileptonic decays the corrections for strong and electromagnetic isospin breaking in chiral perturbation theory at NLO have allowed for averaging the different experimentally measured isospin channels \[[@CR112]\]. This is quite a convenient procedure as long as lattice QCD does not include strong or QED isospin-breaking effects. Lattice results for $\documentclass[12pt]{minimal}
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                \begin{document}$$M_K^2=\frac{1}{2} (M_{K^\pm }^2+M_{K^0}^2-M_{\pi ^\pm }^2+M_{\pi ^0}^2)$$\end{document}$ for which the leading strong and electromagnetic isospin violations cancel. While progress is being made for including strong and electromagnetic isospin breaking in the simulations (e.g. \[[@CR19], [@CR86], [@CR105], [@CR135]--[@CR137]\]), for now contact to experimental results is made by correcting leading SU(2) isospin breaking guided by chiral perturbation theory.

In the following we will start by presenting the lattice results for isospin-symmetric QCD. For any Standard Model analysis based on these results we then utilise chiral perturbation theory to correct for the leading isospin-breaking effects.
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The traditional way of determining $\documentclass[12pt]{minimal}
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The data base underlying the present review of the semileptonic form factor and the ratio of decay constants is listed in Tables [8](#Tab8){ref-type="table"} and [9](#Tab9){ref-type="table"}. The properties of the lattice data play a crucial role for the conclusions to be drawn from these results: range of $\documentclass[12pt]{minimal}
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--------------------------------------------------------------------------------------------

All lattice results for the form factor and the ratio of decay constants that we summarise here (Tables [8](#Tab8){ref-type="table"}, [9](#Tab9){ref-type="table"}) have been computed in isospin-symmetric QCD. The reason for this unphysical parameter choice is that simulations of SU(2) isospin-breaking effects in lattice QCD, while ultimately the cleanest way for predicting these effects, are still rare and in their infancy \[[@CR32], [@CR33], [@CR40], [@CR43], [@CR105], [@CR136], [@CR137]\]. In the meantime one relies either on chiral perturbation theory \[[@CR36], [@CR56]\] to estimate the correction to the isospin limit or one calculates the breaking at leading order in $\documentclass[12pt]{minimal}
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As long as the majority of collaborations present their final results in the isospin-symmetric limit (as we will see this comprises the majority of results which qualify for inclusion into a FLAG average) we prefer to provide the overview of world data in Fig. [4](#Fig4){ref-type="fig"} in this limit.

To this end we compute the isospin-symmetric ratio $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2$$\end{document}$ a dedicated study of the strong-isospin correction in lattice QCD does exist. The result of the RM123 collaboration \[[@CR105]\] amounts to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _\mathrm{SU(2)}=-0.0078(7)$$\end{document}$ and we will later use this result for the correction in the case of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2$$\end{document}$. We note that this value for the strong-isospin correction is incompatible with the above results based on SU(3) chiral perturbation theory. One would not expect the strange sea-quark contribution to be responsible for such a large effect. Whether higher-order effects in chiral perturbation theory or other sources are responsible still needs to be understood. To remain on the conservative side we attach the difference between the two- and three-flavour result as an additional uncertainty to the result based on chiral perturbation theory. For the further analysis we add both errors in quadrature.
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The colour code in Table [8](#Tab8){ref-type="table"} shows that for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_+(0) =0.9667(23)(33)$$\end{document}$ (FNAL/MILC 12), agree very well. This is nice to observe given that the two collaborations are using different fermion discretisations (staggered fermions in the case of FNAL/MILC and domain-wall fermions in the case of RBC/UKQCD). Moreover, in the case of FNAL/MILC the form factor has been determined from the scalar-current matrix element while in the case of RBC/UKQCD it has been determined from the matrix element of the vector current. To a certain extent both simulations are expected to be affected by different systematic effects.

The result FNAL/MILC 12 is from simulations reaching down to a lightest RMS pion mass of about 380 MeV (the lightest valence pion mass for one of their ensembles is about 260 MeV). Their combined chiral and continuum extrapolation (results for two lattice spacings) is based on NLO staggered chiral perturbation theory supplemented by the continuum NNLO expression \[[@CR174]\] and a phenomenological parameterisation of the breaking of the Ademollo--Gatto theorem at finite lattice spacing inherent in their approach. The $\documentclass[12pt]{minimal}
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RBC/UKQCD 13 has analysed results on ensembles with pion masses down to 170MeV, mapping out nearly the complete range from the SU(3)-symmetric limit to the physical point. Although no finite volume or cutoff effects were observed in the simulation results, the expected residual systematic effects for finite-volume effects in NLO chiral perturbation theory and an order of magnitude estimate for cutoff effects were included into the overall error budget. The dominant systematic uncertainty is the one due to the extrapolation in the light quark mass to the physical point which RBC/UKQCD did with the help of a model motivated and partly based on chiral perturbation theory. The model dependence is estimated by comparing different ansätze for the mass extrapolation.

The ETM collaboration which uses the twisted-mass discretisation provides a comprehensive study of the systematics by presenting results for three lattice spacings \[[@CR180]\] and simulating at light pion masses (down to $\documentclass[12pt]{minimal}
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                \begin{document}$$f_+(0)$$\end{document}$, the chiral extrapolation, will soon be removed by simulations with physical light quark masses (see FNAL/MILC 13C \[[@CR138]\] and RBC/UKQCD \[[@CR182]\])

In the case of the ratio of decay constants the data sets that meet the criteria formulated in the introduction are MILC 13A \[[@CR157]\] and HPQCD 13A \[[@CR156]\] with $\documentclass[12pt]{minimal}
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MILC 13A have determined the ratio of decay constants from a comprehensive set of ensembles of Highly Improved Staggered Quarks (HISQ) which have been taylored to reduce staggered taste-breaking effects. They have generated ensembles for four values of the lattice spacing (0.06--0.15 fm, scale set with $\documentclass[12pt]{minimal}
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                \begin{document}$$f_\pi $$\end{document}$) and with the Goldstone pion masses approximately tuned to the physical point which at least on their finest lattice approximately agrees with the RMS pion mass (i.e. the difference in mass between different *pion species* which originates from staggered taste splitting). Supplementary simulations with slightly heavier Goldstone pion mass allow one to extract the ratio of decay constants for the physical value of the light-quark masses by means of polynomial interpolations. In a second step MILC extrapolates the data to the continuum limit where eventually the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$ {f_{K^\pm }}/{f_{\pi ^\pm }}=1.1947(26)(33)(17)(2)$$\end{document}$ where the errors are statistical, due to the continuum extrapolation, due to finite volume effects and due to electromagnetic effects. MILC has found an increase in the central value of the ratio when going from the second finest to their finest ensemble and from this observation they derive the quoted 0.28 % uncertainty in the continuum extrapolation. They use NLO staggered chiral perturbation theory to correct for finite-volume effects and estimate the uncertainty in this approach by comparing to the alternative correction in NLO and NNLO continuum chiral perturbation theory. Although MILC and HPQCD are independent collaborations, MILC shares its gauge-field ensembles with HPQCD 13A, whose study of $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{\pi ^+}$$\end{document}$ and relative scale set with the Wilson flow \[[@CR183], [@CR184]\]) supplemented by some simulation points with heavier quark masses. HPQCD employed a global fit based on continuum NLO SU(3) chiral perturbation theory for the decay constants supplemented by a model for higher-order terms including discretisation and finite-volume effects (61 parameters for 39 data points supplemented by Bayesian priors). Their final result is $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{K^\pm }/f_{\pi ^\pm }=1.1916(15)(12)(1)(10)$$\end{document}$, where the errors are statistical, due to the continuum extrapolation, due to finite-volume effects and the last error contains the combined uncertainties from the chiral extrapolation, the scale-setting uncertainty, the experimental input in terms of $\documentclass[12pt]{minimal}
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Despite the large overlap in primary lattice data both collaborations arrive at surprisingly different error budgets. In the preparation of this report we interacted with both collaborations trying to understand the origin of the differences. HPQCD is using a rather new method to set the relative lattice scale for their ensembles which together with their more aggressive binning of the statistical samples, could explain the reduction in statistical error by a factor of 1.7 compared to MILC. Concerning the cutoff dependence, the finest lattice included into MILC's analysis is $\documentclass[12pt]{minimal}
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                \begin{document}$$a^8$$\end{document}$. In this way HPQCD arrives at a systematic error due to the continuum limit which is smaller than MILC's estimate by about a factor 2.8. HPQCD explains[12](#Fn12){ref-type="fn"} that in their setup, despite lacking the information from the fine ensemble ($\documentclass[12pt]{minimal}
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                \begin{document}$$a=0.06$$\end{document}$ fm), the approach to the continuum limit is reliably described by the chosen fit formula leaving no room for the shift in the result on the finest lattice observed by MILC. They further explain that their different way of setting the relative lattice scale leads to reduced cutoff effects compared to MILC's study. We now turn to finite-volume effects which in the MILC result is the second-largest source of systematic uncertainty. NLO staggered chiral perturbation theory (MILC) or continuum chiral perturbation theory (HPQCD) was used for correcting the lattice data towards the infinite-volume limit. MILC then compared the finite-volume correction to the one obtained by the NNLO expression and took the difference as their estimate for the residual finite-volume error. In addition they checked the compatibility of the effective theory predictions (NLO continuum, staggered and NNLO continuum chiral perturbation theory) against lattice data of different spatial extent. The final verdict on the related residual systematic uncertainty on $\documentclass[12pt]{minimal}
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                \begin{document}$$ {f_{K^\pm }}/{f_{\pi ^\pm }}$$\end{document}$ made by MILC is larger by an order of magnitude than the one made by HPQCD. We note that only HPQCD allows for taste-breaking terms in their fit model while MILC postpones such studies to future work.

The above comparison shows that MILC and HPQCD have studied similar sources of systematic uncertainties, e.g. by varying parts of the analysis procedure or by changing the functional form of a given fit ansatz. One observation worth mentioning in this context is the way in which the resulting variations in the fit result are treated. MILC tends to include the spread in central values from different ansätze into the systematic errors. HPQCD on the other hand determines the final result and attached errors from preferred fit-ansatz and then confirms that it agrees within errors with results from other ansätze without including the spreads into their error budget. In this way HPQCD is lifting the calculation of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1+1$$\end{document}$ that covers the result of both HPQCD 13A and MILC 13A,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {f_{K^\pm }}/{f_{\pi ^\pm }}\!=\!1.194(5)\quad (\hbox {our estimate, direct, }N_\mathrm{f}\!=\!2\!+\!1\!+\!1)\nonumber \\ \end{aligned}$$\end{document}$$Concerning simulations with $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}\!=\!2+1$$\end{document}$, MILC 10 and HPQCD/UKQCD 07 are based on staggered fermions, BMW 10 has used improved Wilson fermions and RBC/UKQCD 12's result is based on the domain-wall formulation. For $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2$$\end{document}$ ETM has simulated twisted-mass fermions. In contrast to MILC 13A all these latter simulations are for unphysically heavy quark masses (corresponding to smallest pion masses in the range 240--260 MeV in the case of MILC 10, HPQCD/UKQCD 07 and ETM 09 and around 170 MeV for RBC/UKQCD 12) and therefore slightly more sophisticated extrapolations needed to be controlled. Various ansätze for the mass and cutoff dependence comprising SU(2) and SU(3) chiral perturbation theory or simply polynomials were used and compared in order to estimate the model dependence.

We now provide the FLAG average for these data. While BMW 10 and RBC/UKQCD 12 are entirely independent computations, subsets of the MILC gauge ensembles used by MILC 10 and HPQCD/UKQCD 07 are the same. MILC 10 is certainly based on a larger and more advanced set of gauge configurations than HPQCD/UQKCD 07. This allows them for a more reliable estimation of systematic effects. In this situation we consider only their statistical but not their systematic uncertainties to be correlated. For $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2$$\end{document}$ the FLAG average is just the result by ETM 09 and this is illustrated in terms of the vertical grey band in the r.h.s. panel of Fig. [4](#Fig4){ref-type="fig"}. For the purpose of this plot only, the isospin correction has been removed along the lines laid out earlier. For the average indicated in the case of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ we take the original data of BMW 10, HPQCD/UKQCD 07 and RBC/UKQCD 12 and use the MILC 10 result as computed above. The resulting fit is of good quality, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2/\hbox {dof}=0.4$$\end{document}$. The systematic errors of the individual data sets are larger for MILC 10, BMW 10, HPQCD/UKQCD 07 and RBC/UKQCD 12, respectively, and following again the prescription of Sect. [2.3](#Sec9){ref-type="sec"} we replace the error by the smallest one of these leading to $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{K^\pm }/f_{\pi ^\pm }$$\end{document}$ which should be used for applications to Standard Model phenomenology we apply the isospin correction individually to all those results which have been published in the isospin-symmetric limit, i.e. BMW 10, HPQCD/UKQCD07 and RBC/UKQCD 12. To this end we invert Eq. ([36](#Equ36){ref-type=""}) and use$$\documentclass[12pt]{minimal}
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As before, in the last column the first error is statistical and the second error is due to the isospin correction. Using these results we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{rcll} f_{K^\pm } / f_{\pi ^\pm }&{}=&{} 1.192(5), \; &{}(\hbox {direct},\, N_\mathrm{f}=2+1),\\ f_{K^\pm } / f_{\pi ^\pm }&{}=&{} 1.205(6)(17), \; &{}(\hbox {direct},\, N_\mathrm{f}=2), \end{array} \end{aligned}$$\end{document}$$for QCD with broken isospin.

It is instructive to convert the above results for $\documentclass[12pt]{minimal}
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                \begin{document}$$ {f_{K^\pm }}/{f_{\pi ^\pm }}$$\end{document}$ in ([41](#Equ41){ref-type=""}) is converted into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|V_{us}|/|V_{ud}|= 0.2314(11)$$\end{document}$, shown as a tilted green band. The smaller green ellipse is the intersection of these two bands.Fig. 5The plot compares the information for $\documentclass[12pt]{minimal}
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                \begin{document}$$|V_{us}|$$\end{document}$ that follows if the three-flavour CKM-matrix is unitary

More precisely, it represents the 68 % likelihood contour (note also that the ellipses shown in Fig. 5 of Ref. \[[@CR1]\] have to be interpreted as 39 % likelihood contours), obtained by treating the above two results as independent measurements. Values of $\documentclass[12pt]{minimal}
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Testing the Standard Model {#Sec22}
--------------------------
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Note that the above tests also offer a check of the basic hypothesis that underlies our analysis: we are assuming that the weak interaction between the quarks and the leptons is governed by the same Fermi constant as the one that determines the strength of the weak interaction among the leptons and determines the lifetime of the muon. In certain modifications of the Standard Model, this is not the case. In those models it need not be true that the rates of the decays $\documentclass[12pt]{minimal}
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Analysis within the Standard Model {#Sec23}
----------------------------------

The Standard Model implies that the CKM matrix is unitary. The precise experimental constraints quoted in ([32](#Equ32){ref-type=""}) and the unitarity condition ([42](#Equ42){ref-type=""}) then reduce the four quantities $\documentclass[12pt]{minimal}
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Low-energy constants {#Sec25}
====================

In the study of the quark-mass dependence of QCD observables calculated on the lattice it is common practice to invoke Chiral Perturbation Theory ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi $$\end{document}$PT). For a given quantity this framework predicts the non-analytic quark-mass dependence and it provides symmetry relations among different observables. These relations are best expressed with the help of a set of linearly independent and universal (i.e. process-independent) low-energy constants (LECs), which appear as coefficients of the polynomial terms (in $\documentclass[12pt]{minimal}
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First of all, lattice calculations can be used to test if chiral symmetry is indeed broken as SU$\documentclass[12pt]{minimal}
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The fact that, at large volume, the finite-size effects, which occur if a system undergoes spontaneous symmetry breakdown, are controlled by the Nambu--Goldstone modes, was first noted in solid-state physics, in connection with magnetic systems \[[@CR187], [@CR188]\]. As pointed out in \[[@CR189]\] in the context of QCD, the thermal properties of such systems can be studied in a systematic and model-independent manner by means of the corresponding effective field theory, provided the temperature is low enough. While finite volumes are not of physical interest in particle physics, lattice simulations are necessarily carried out in a finite box. As shown in \[[@CR190]--[@CR192]\], the ensuing finite-size effects can also be studied on the basis of the effective theory---$\documentclass[12pt]{minimal}
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SU(2) low-energy constants {#Sec26}
--------------------------

### Quark-mass dependence of pseudoscalar masses and decay constants {#Sec27}
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### Two-point correlation functions in the epsilon-regime {#Sec28}

The finite-size effects encountered in lattice calculations can be used to determine some of the LECs of QCD. In order to illustrate this point, we focus on the two lightest quarks, take the isospin limit $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$-regime potentially convenient for a clean extraction of the LO couplings. The determination of these LECs is then affected by different systematic uncertainties with respect to the standard case; simulations in this regime yield complementary information which can serve as a valuable cross-check to get a comprehensive picture of the low-energy properties of QCD.
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Recently, the effective theory has been extended to the "mixed regime" where some quarks are in the $\documentclass[12pt]{minimal}
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At low temperature, the properties of the partition function are governed by the lowest eigenvalues of the Hamiltonian. In the case of QCD, the lowest levels are due to the Nambu--Goldstone bosons and can be worked out with $\documentclass[12pt]{minimal}
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In order to analyse the dependence of the levels on the quark masses and on the parameters that specify the size of the box, a reordering of the chiral series is required, the so-called $\documentclass[12pt]{minimal}
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### Other methods for the extraction of the low-energy constants {#Sec30}

An observable that can be used to extract the LECs is the topological susceptibility$$\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma $$\end{document}$ can thus be extracted from the properties of the topological susceptibility close to the chiral limit. The behaviour at finite volume, in particular in the region where the symmetry is restored, is discussed in \[[@CR195]\]. The dependence on the vacuum angle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ and the projection on sectors of fixed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\theta $$\end{document}$, we refer to \[[@CR200], [@CR212]\].

The role that the topological susceptibility plays in attempts to determine whether there is a large paramagnetic suppression when going from the $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ theory has been highlighted in Ref. \[[@CR213]\]. The potential usefulness of higher moments of the topological charge distribution to determine LECs has been investigated in \[[@CR214]\].

Another method for computing the quark condensate has been proposed in \[[@CR215]\], where it is shown that starting from the Banks--Casher relation \[[@CR216]\] one may extract the condensate from suitable (renormalisable) spectral observables, for instance the number of Dirac operator modes in a given interval. For those spectral observables higher-order corrections can be systematically computed in terms of the chiral effective theory. A recent paper based on this strategy is ETM 13 \[[@CR217]\]. As an aside let us remark that corrections to the Banks--Casher relation that come from a finite quark mass, a finite four-dimensional volume and (with Wilson-type fermions) a finite lattice spacing can be parameterised in a properly extended version of the chiral framework \[[@CR218]\].
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                \begin{document}$$\nu $$\end{document}$ is equivalent to the one of a chiral Random Matrix Theory (RMT) \[[@CR219]--[@CR222]\]. In RMT it is possible to extract the probability distributions of individual eigenvalues \[[@CR223]--[@CR225]\] in terms of two dimensionless variables $\documentclass[12pt]{minimal}
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### Pion form factors {#Sec31}

The scalar and vector form factors of the pion are defined by the matrix elements$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&{\langle }\pi ^i(p_2) |\, \bar{q}\, q \, | \pi ^j(p_1) {\rangle } = \delta ^{ij} F_S^\pi (t) ,\\&{\langle }\pi ^i(p_2) | \,\bar{q}\, \frac{1}{2} \tau ^k \gamma ^\mu q\,| \pi ^j(p_1) {\rangle } = \hbox {i} \,\epsilon ^{ikj} (p_1^\mu + p_2^\mu ) F_V^\pi (t) ,\nonumber \end{aligned}$$\end{document}$$where the operators contain only the lightest two quark flavours, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau ^1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau ^2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau ^3$$\end{document}$ are the Pauli matrices, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\equiv (p_1-p_2)^2$$\end{document}$ denotes the momentum transfer.

The vector form factor has been measured by several experiments for timelike as well as for spacelike values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t$$\end{document}$. The scalar form factor is not directly measurable, but it can be evaluated theoretically from data on the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi \pi $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi K$$\end{document}$ phase shifts \[[@CR236]\] by means of analyticity and unitarity, i.e. in a model-independent way. Lattice calculations can be compared with data or model-independent theoretical evaluations at any given value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t$$\end{document}$. At present, however, most lattice studies concentrate on the region close to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=0$$\end{document}$ and on the evaluation of the slope and curvature which are defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F^\pi _V(t)&= 1+{\frac{1}{6}}{\langle }r^2 \rangle ^\pi _V t + c_V t^2+\cdots \;,\\ F^\pi _S(t)&= F^\pi _S(0) \left[ 1+ {\frac{1}{6}}{\langle }r^2 \rangle ^\pi _S t + c_S\, t^2+ \cdots \right] . \nonumber \end{aligned}$$\end{document}$$The slopes are related to the mean-square vector and scalar radii which are the quantities on which most experiments and lattice calculations concentrate.

In chiral perturbation theory, the form factors are known at NNLO \[[@CR237]\]. The corresponding formulae are available in fully analytical form and are compact enough that they can be used for the chiral extrapolation of the data (as done, for example in \[[@CR238], [@CR239]\]). The expressions for the scalar and vector radii and for the $\documentclass[12pt]{minimal}
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The difference between the quark-line connected and the full (i.e. containing the connected and the disconnected piece) scalar pion form factor has been investigated by means of Chiral Perturbation Theory in \[[@CR240]\]. It is expected that the technique used can be applied to a large class of observables relevant in QCD-phenomenology.

As a point of practical interest let us remark that there are no finite-volume correction formulae for the mean-square radii $\documentclass[12pt]{minimal}
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### Lattice determinations {#Sec32}

In this section we summarise the lattice results for the SU(2) couplings in a set of Tables [13](#Tab13){ref-type="table"}, [14](#Tab14){ref-type="table"}, [15](#Tab15){ref-type="table"}, [16](#Tab16){ref-type="table"} and Figs. [8](#Fig8){ref-type="fig"}, [9](#Fig9){ref-type="fig"}, [10](#Fig10){ref-type="fig"}). The tables present our usual colour coding which summarises the main aspects related to the treatment of the systematic errors of the various calculations.Table 13Quark condensate $\documentclass[12pt]{minimal}
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A generic comment applies to the issue of the scale setting. In the past none of the lattice studies with $\documentclass[12pt]{minimal}
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It is worth repeating here that the standard colour-coding scheme of our tables is necessarily schematic and cannot do justice to every calculation. In particular there is some difficulty in coming up with a fair adjustment of the rating criteria to finite-volume regimes of QCD. For instance, in the $\documentclass[12pt]{minimal}
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From a more phenomenological viewpoint there is a notable difference between $\documentclass[12pt]{minimal}
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The experimental information concerning the charge radius is excellent and the curvature is also known very accurately, based on $\documentclass[12pt]{minimal}
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SU(3) low-energy constants {#Sec33}
--------------------------

### Quark-mass dependence of pseudoscalar masses and decay constants {#Sec34}

In the isospin limit, the relevant SU(3) formulae take the form \[[@CR56]\]$$\documentclass[12pt]{minimal}
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### Charge radius {#Sec35}

The SU(3) formula for the slope of the pion vector form factor reads \[[@CR152]\]$$\documentclass[12pt]{minimal}
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### Partially quenched formulae {#Sec36}

The term "partially quenched QCD" is used in two ways. For heavy quarks ($\documentclass[12pt]{minimal}
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                \begin{document}$$s$$\end{document}$) it means that they are present in both the valence and the sea sector of the theory, but with different masses (e.g. a series of valence quark masses is evaluated on an ensemble with a fixed sea quark mass).

The program of extending the standard (unitary) SU(3) theory to the (second version of) "partially quenched QCD" has been completed at the two-loop (NNLO) level for masses and decay constants \[[@CR283]\]. These formulae tend to be complicated, with the consequence that a state-of-the-art analysis with $\documentclass[12pt]{minimal}
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The theoretical underpinning of how "partial quenching" is to be treated in the (properly extended) chiral framework is given in \[[@CR285]\]. Specifically for partially quenched QCD with staggered quarks it is shown that a transfer matrix can be constructed which is not Hermitian but bounded, and can thus be used to construct correlation functions in the usual way.

### Lattice determinations {#Sec37}

To date, there are three comprehensive SU(3) papers with results based on lattice QCD with $\documentclass[12pt]{minimal}
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The mixing of neutral pseudoscalar mesons plays an important role in the understanding of the physics of CP-violation. In this section we will only focus on $\documentclass[12pt]{minimal}
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with the final state having total isospin zero. The parameter $\documentclass[12pt]{minimal}
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When strong interactions are included, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta {S}=2$$\end{document}$ transitions can no longer be discussed at the quark level. Instead, the effective Hamiltonian must be considered between mesonic initial and final states. Since the strong coupling constant is large at typical hadronic scales, the resulting weak matrix element cannot be calculated in perturbation theory. The operator product expansion (OPE) does, however, factorise long- and short-distance effects. For energy scales below the charm threshold, the $\documentclass[12pt]{minimal}
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Lattice QCD calculations provide results for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_K(\mu )$$\end{document}$. These results, however, are usually obtained in intermediate schemes other than the continuum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{\mathrm{MS}}}$$\end{document}$ scheme used to calculate the Wilson coefficients appearing in Eq. ([78](#Equ78){ref-type=""}). Examples of intermediate schemes are the RI/MOM scheme \[[@CR297]\] (also dubbed the "Rome--Southampton method") and the Schrödinger functional (SF) scheme \[[@CR87]\], which both allow for a non-perturbative renormalisation of the four-fermion operator, using an auxiliary lattice simulation. In this way $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_K(\mu )$$\end{document}$ can be calculated with percent-level accuracy, as described below.

In order to make contact with phenomenology, however, and in particular to use the results presented above, one must convert from the intermediate scheme to the $\documentclass[12pt]{minimal}
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Perturbative truncation errors in Eq. ([78](#Equ78){ref-type=""}) also affect the Wilson coefficients $\documentclass[12pt]{minimal}
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In two-flavour QCD one can insert the updated non-perturbative estimate for the $\documentclass[12pt]{minimal}
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Note that in this section the colour code for chiral extrapolations is interpreted differently. We recall that the criteria are:
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                \begin{document}$$\chi $$\end{document}$PT, and in this case it is the mass of the valence pion which enters in chiral logarithms and leads to the most significant dependence on quark masses. Therefore, whenever a specific calculation employs partially quenched pions, the above colour code is applied with respect to the minimum valence pion mass.[27](#Fn27){ref-type="fn"}

As before, it is assumed that the chiral extrapolation is done with at least a three-point analysis---otherwise this will be explicitly mentioned in a footnote. In case of non-degeneracies among the different pion states $\documentclass[12pt]{minimal}
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Since the first publication of the FLAG review \[[@CR1]\] several new or updated results for the Kaon $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$, i.e. BMW 11 \[[@CR301]\], SWME 11A \[[@CR300]\], SWME 13 \[[@CR316]\], Laiho 11 \[[@CR77]\], and RBC/UKQCD 12 \[[@CR25]\]. No new results for two-flavour QCD have appeared recently. There is a first, preliminary calculation with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2+1+1$$\end{document}$ \[[@CR322]\] from the ETM collaboration. We do not include this result in the following discussion, however, because the interpretation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{K}$$\end{document}$ with active charm involves several subtleties that have yet to be addressed.[28](#Fn28){ref-type="fn"}

We briefly discuss the main features of the most recent calculations below.

The BMW Collaboration has produced a new result for $\documentclass[12pt]{minimal}
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                \begin{document}$$a$$\end{document}$ ranging from 0.054 to 0.093 fm, are employed. Simulations are performed close to the physical pion mass, or even below that value (for the two largest lattice spacings). The smearing of the link variables results in a significant suppression of the effects of chiral symmetry breaking, since the coefficients multiplying the dimension-six operators of different chirality are found to be very small, in some cases even compatible with zero. The quoted value for $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{B}_{{K}}$$\end{document}$ is obtained from a combined chiral and continuum extrapolation. In order to investigate the systematics associated with the chiral behaviour, several different cuts on the maximum pion mass are performed. Another important ingredient in BMW 11 \[[@CR301]\] is the non-perturbative determination of the continuum step-scaling function for scales varying between 1.8 and 3.5 GeV. In this way, the perturbative matching to the RGI $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu =3.5$$\end{document}$ GeV, a value where perturbation theory at NLO is found to yield a good description of the scale dependence.

The SWME 11, 11A, 13 results \[[@CR299], [@CR300], [@CR316]\] are obtained using a mixed action: HYP-smeared valence staggered quarks on the Asqtad improved, rooted staggered MILC ensembles. Compared to the previous edition of the FLAG review \[[@CR1]\], one major update is the addition of a fourth, finer, lattice spacing. This allows for a more extensive analysis of the continuum extrapolation, leading to more reliable estimates of the associated error (which is the second-largest error at 1.1 %). A second major update, implemented only in SWME 13, is the addition of several ensembles with a range of sea-quark masses allowing a simultaneous extrapolation in $\documentclass[12pt]{minimal}
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                \begin{document}$$a^2$$\end{document}$ and the sea-quark masses. A third change in SWME 13 is the use of larger volumes. Other updates include the use of correlated fits in the chiral extrapolation, the inclusion of finite-volume corrections in the chiral fits, and a significant reduction in statistical errors due to the use of an order of magnitude more sources on each lattice. The dominant error remains that from the use of one-loop perturbative matching between lattice and $\documentclass[12pt]{minimal}
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                \begin{document}$$1/(4\pi )$$\end{document}$ included. The other methods for estimating this error described earlier in this review lead to smaller estimates \[[@CR323]\]. This procedure is, in this review, deemed conservative enough to merit inclusion in the global average described below. The resulting matching error is 4.4 %.

The Laiho 11 result \[[@CR77]\] uses a mixed action, with HYP-smeared domain-wall valence quarks on the Asqtad MILC ensembles. Compared to the earlier result obtained by this collaboration (Aubin 09 \[[@CR298]\]), the main improvement consists in the implementation of an RI/MOM scheme based on non-exceptional momenta in the non-perturbative renormalisation of $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\mathrm{MS}}}$$\end{document}$ schemes. This error is 2.4 % out of a total quoted error of 2.8 %. The present calculation uses five additional ensembles over that of the previous edition of the FLAG review \[[@CR1]\], leading to a reduction of the chiral/continuum-extrapolation error and to the statistical error.

The RBC/UKQCD Collaboration employ domain-wall fermions to determine $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{{K}}$$\end{document}$. The main feature of their latest update, Ref. \[[@CR25]\], is the addition of two ensembles with unitary pion masses as low as 171 MeV and a minimum partially quenched pion mass of 143 MeV. In order to keep the numerical effort of simulating near-physical pion masses at a manageable level, the new ensembles are generated at a larger lattice spacing. Moreover, in order to control the larger residual chiral symmetry-breaking effects which are incurred on coarser lattices, a modified fermion action, the Dislocation Suppressing Determinant Ratio (DSDR) \[[@CR324]--[@CR327]\], is used in the simulations. As in their earlier publication \[[@CR315]\], RBC/UKQCD employ non-perturbative renormalisation factors computed for a variety of RI/MOM schemes with non-exceptional momenta. Owing to the addition of ensembles with larger lattice spacing, the matching between lattice regularisation and the intermediate RI/MOM schemes is performed at the lower scale of 1.4 GeV. When combined with the non-perturbative determinations of the continuum step-scaling functions, the perturbative conversion to the $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{{K}}$$\end{document}$ with controlled finite-volume effects. It is noted in Ref. \[[@CR25]\] that the inclusion of the lighter pion masses essentially halves the uncertainty in $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{{K}}$$\end{document}$ due to the chiral/continuum extrapolation. The largest systematic uncertainty remains the perturbative truncation error of 2.1 %. As regards the effects of residual chiral symmetry breaking induced by the finite extent of the fifth dimension in the domain-wall fermion formulation, it is noted in Ref. \[[@CR328]\] that the mixing of $\documentclass[12pt]{minimal}
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                \begin{document}$$Q^{\Delta {S}=2}$$\end{document}$ with operators of opposite chirality is negligibly small.

Summarizing the new developments, one must note that the biggest improvements since the previous edition of the FLAG review \[[@CR1]\] concern the chiral extrapolation and the issue of renormalisation. Ensembles at near-physical pion masses have significantly reduced the uncertainty associated with chiral fits, while non-perturbative running is about to become routine. One must realise that, despite this improvement, perturbative matching is still applied only at moderately large scales. Most collaborations therefore identify the largest uncertainty to arise from neglecting higher orders in the perturbative relation to the RGI or $\documentclass[12pt]{minimal}
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We now describe our procedure for obtaining global averages. The rules of Sect. [2.1](#Sec5){ref-type="sec"} stipulate that results which are free of red tags and are published in a refereed journal may enter an average. Papers which at the time of writing are still unpublished but are obvious updates of earlier published results can also be taken into account.

In the previous edition of the FLAG review \[[@CR1]\] the results by SWME were excluded from the average, since the renormalisation factors were estimated in one-loop perturbation theory only. However, in this review such calculations are included as long as the estimate of the matching error is sufficiently conservative. Thus the result of SWME 13 \[[@CR316]\] (which is an update of the earlier published calculations of Refs. \[[@CR299], [@CR300]\]) now qualifies for inclusion, despite the fact that non-perturbative information on the renormalisation factors is not available. Reference \[[@CR77]\], Laiho 11 has appeared only as conference proceedings, but since it extends the study of Ref. \[[@CR298]\] it will be included in our average.

Thus, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ our global average is based on the results of BMW 11 \[[@CR301]\], SWME 13 \[[@CR316]\], Laiho 11 \[[@CR77]\] and RBC/UKQCD 12 \[[@CR25]\]. Our procedure is as follows: in a first step statistical and systematic errors of each individual result for the RGI $\documentclass[12pt]{minimal}
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The charm-quark methods discussed in this review have been validated in a number of ways. Because several groups use the same action for charm and bottom quarks, tests of charm-quark methods are also relevant for the $\documentclass[12pt]{minimal}
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                \begin{document}$$B$$\end{document}$-physics results discussed in Sect. [8](#Sec46){ref-type="sec"}, and they are therefore summarised in the introduction of that section. Finally, we note that we limit our review to results based on modern simulations with reasonably light pion masses (below approximately 500 MeV). This excludes results obtained from the earliest unquenched simulations, which typically had two flavours in the sea, and which were limited to heavier pion masses because of the constraints imposed by the computational resources and methods available at that time.
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In lattice-QCD calculations the decay constants $\documentclass[12pt]{minimal}
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These uncertainties are reduced in FNAL/MILC 11. The same setup concerning lattice actions and renormalisation is used as in FNAL/MILC 05 but lighter pion masses (down to 320 MeV for the RMS values) are included in the analysis and the extremely coarse $\documentclass[12pt]{minimal}
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The ETM collaboration has also reported results with $\documentclass[12pt]{minimal}
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As a final remark, since the accuracy of the lattice determinations of the $\documentclass[12pt]{minimal}
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The form factors for semileptonic $\documentclass[12pt]{minimal}
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Additional complications enter for semileptonic decay matrix elements due to the non-zero momentum of the outgoing pion or kaon. Both statistical errors and discretisation errors increase at larger momenta, so results for the lattice form factors are most precise at $\documentclass[12pt]{minimal}
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Here we summarise the status of lattice-QCD calculations of the bottom leptonic decay constants, neutral meson mixing parameters, and semileptonic form factors. We limit our review to results based on modern simulations with reasonably light pion masses (below approximately 500 MeV). This excludes results obtained from the earliest unquenched simulations, which typically had two flavours in the sea, and which were limited to heavier pion masses because of the constraints imposed by the computational resources and methods available at that time. Fewer collaborations have presented results for these quantities than for the light-quark sector ($\documentclass[12pt]{minimal}
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The Fermilab Lattice and MILC collaborations present a lattice-QCD calculation of the $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \approx 0.15$$\end{document}$--0.09 fm and a minimum RMS pion mass of approximately $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$320$$\end{document}$ MeV. In this calculation lattice data at 9--12 valence light-quark masses are generated for each sea-quark ensemble. The chiral- and continuum-extrapolated results are obtained from combined chiral and continuum fits. The chiral fit function uses NLO partially quenched HMrS$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi $$\end{document}$PT including $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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A final comment concerns which light valence-quark mass is used for the chiral extrapolations (or interpolations) to the physical point. First, we note that all the results discussed in this review use simulations with degenerate up and down sea-quark masses. However, since the observed sea-quark mass dependence is much smaller than the valence-quark mass dependence, the dominant contribution to differences between $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ only the results of HPQCD 09 and FNAL/MILC 12 enter our averages. First, we must consider the issue of the so-called "wrong-spin contributions," described in Ref. \[[@CR415]\] and explained in detail in Ref. \[[@CR416]\]. With staggered light quarks, interactions between different unphysical species ("tastes") of quarks induce mixing between the operator $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal O}(a^2)$$\end{document}$ coefficients that depend upon the light-quark masses. These contributions can be accounted for in the chiral-continuum extrapolation by fitting the numerical results for the matrix elements of the three operators simultaneously. Further, if the matrix elements of all five basis operators in Eqs. ([114](#Equ114){ref-type=""}) and ([123](#Equ123){ref-type=""}) are computed on the lattice, then no additional low-energy constants are required to describe the wrong-spin contributions effects in the chiral--continuum extrapolation. In principle, instead of using HMrS$\documentclass[12pt]{minimal}
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Both HPQCD 09 and FNAL/MILC 11A use chiral fit functions based on NLO HMrS$\documentclass[12pt]{minimal}
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                \begin{document}$$\chi $$\end{document}$PT. Since, however, these works predate Refs. \[[@CR415], [@CR416]\], the wrong-spin terms are not included in their chiral extrapolations. The calculation in FNAL/MILC 12 also does not include the matrix elements of all three operators, so here the effect of the wrong-spin contributions is treated as a systematic error, which is estimated using the lattice data described in Ref. \[[@CR412]\]. As discussed above, the estimated uncertainty of 3 % for $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$ is a dominant contribution to the error budget in Ref. \[[@CR415]\]. Because, however, HPQCD 09 does not include the wrong-spin contributions in its chiral extrapolations, we must consider how they affect the results. First, the chiral fit functions used in HPQCD 09 and in FNAL/MILC 12 are very similar with similar (though not identical) choices for prior widths. The main difference is that the generic light-quark discretisation term of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}(\alpha _\mathrm{s}^2 a^2)$$\end{document}$ term included in FNAL/MILC 12. It is therefore possible that the chiral extrapolation in HPQCD 09 accounts for the wrong-spin contributions via the generic discretisation terms. Furthermore, for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{B_{q}}\sqrt{B_{B_{q}}}$$\end{document}$ the chiral-extrapolation error, while not insignificant, is not a dominant source of error in the HPQCD calculation. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\xi = 1.268(63), \quad B_{B_{s}}/B_{B_{d}} = 1.06(11). \end{aligned}$$\end{document}$$Finally, we note that the above results are all correlated with each other: the numbers in ([124](#Equ124){ref-type=""}) and ([125](#Equ125){ref-type=""}) are from HPQCD 09 \[[@CR403]\], while those in ([126](#Equ126){ref-type=""}) are from FNAL/MILC 12 \[[@CR415]\]---the same Asqtad MILC ensembles are used in these simulations. The results are also correlated with the averages obtained in Sect. [8.1](#Sec47){ref-type="sec"} and shown in Eq. ([111](#Equ111){ref-type=""}), because the calculations of $\documentclass[12pt]{minimal}
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                \begin{document}$$B$$\end{document}$-meson decay constants and mixing quantities are performed on the same (or on similar) sets of ensembles, and results obtained by a given collaboration use the same actions and setups. These correlations must be considered when using our averages as inputs to UT fits. In the future, as more independent calculations enter the averages, correlations between the lattice-QCD inputs to the UT fit will become less significant.
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-----------------------------------------------------------------------------

The Standard Model differential rate for the decay $\documentclass[12pt]{minimal}
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### Parameterisations of heavy-to-light semileptonic form factors {#Sec50}

All form factors are analytic functions of $\documentclass[12pt]{minimal}
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The simplest form of the bound would correspond to $\documentclass[12pt]{minimal}
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A simpler choice of outer function has been proposed by Bourrely, Caprini and Lellouch (BCL) in \[[@CR350]\], which leads to a parameterisation of the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f_+(q^2)=\frac{1}{1-q^2/m_{B^*}^2}\,\sum _{n=0}^N a_n(t_0) z(q^2,t_0)^n. \end{aligned}$$\end{document}$$This satisfies all the basic properties of the form factor, at the price of changing the expression for the bound to$$\documentclass[12pt]{minimal}
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Parameterisations of the BGL and BCL kind (to which we will refer collectively as "$\documentclass[12pt]{minimal}
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The main difference between the computations lies in the treatment of heavy quarks. HPQCD uses the NRQCD formalism, with a one-loop matching of the relevant currents to the ones in the relativistic theory. FNAL/MILC employs the clover action with the Fermilab interpretation, with a mostly non-perturbative renormalisation of the relevant currents, within which light--light and heavy--heavy currents are renormalised non-perturbatively and one-loop perturbation theory is used for the relative normalisation. (See Table [28](#Tab28){ref-type="table"}; full details as regards the computations are provided in tables in Appendix B.6.3.)Table 28Results for the $\documentclass[12pt]{minimal}
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We quote as our preferred result the outcome of the three-parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$a_2$$\end{document}$ using Eq. ([139](#Equ139){ref-type=""}). We emphasise that future lattice-QCD calculations of semileptonic form factors should publish their full statistical and systematic correlation matrices to enable others to use the data fully.

### Form factors for rare and radiative $\documentclass[12pt]{minimal}
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Lattice-QCD input is also available for some exclusive semileptonic decay channels involving neutral-current $\documentclass[12pt]{minimal}
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                \begin{document}$$b\rightarrow s$$\end{document}$ transitions at the quark level. Being forbidden at tree level in the SM, these processes allow for stringent tests of potential new physics; simple examples are $\documentclass[12pt]{minimal}
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                \begin{document}$$B$$\end{document}$-meson (and therefore the kaon) can be either neutral or charged.

The corresponding SM effective weak Hamiltonian is considerably more complicated than the one for the tree-level processes discussed above: after neglecting top quark effects, as many as ten dimension-six operators formed by the product of two hadronic currents or one hadronic and one leptonic current appear.[34](#Fn34){ref-type="fn"} Three of the latter, coming from penguin and box diagrams, dominate at short distances, and within a reasonable approximation one can keep these contributions only. Long-distance hadronic physics is then again encoded in matrix elements of current operators (vector, tensor, and axial-vector) between one-hadron states, which in turn can be parameterised in terms of a number of form factors (see \[[@CR439]\] for a complete description). In addition, the lattice computation of the relevant form factors in channels with a vector meson in the final state faces extra challenges on top of those already present when the decay product is a Goldstone boson: the state is unstable and the extraction of the relevant matrix element from correlation functions is significantly more complicated; and $\documentclass[12pt]{minimal}
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Several collaborations are calculating form factors for $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ rooted Aqstad staggered gauge configurations. Two new results have appeared since the initial April closing date for this review. We summarise their content briefly here, but a full discussion of the calculations, including their rating, is postponed to the next major update of the FLAG review. The HPQCD Collaboration has published in Ref. \[[@CR440]\] a determination of the three form factors for $\documentclass[12pt]{minimal}
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-----------------------------------------------------------------------------------------------------------------
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Synthetic data points at three values of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{G}^{B \rightarrow D}(1) = 1.081(25). \end{aligned}$$\end{document}$$Another recent work \[[@CR449]\] provides the first study of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{s} \rightarrow D_{s}\ell \nu $$\end{document}$ transitions with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=2$$\end{document}$ flavours of dynamical quarks, using the publicly available ETMC configurations obtained with the twisted-mass QCD action at maximal twist. Four values of the lattice spacing, ranging between 0.054 and 0.098 fm, are considered, with physical box lengths ranging between 1.7 and 2.7 fm. At two values of the lattice spacing two different physical volumes are available. Charged-pion masses range between $\documentclass[12pt]{minimal}
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The quantities of interest are again the form factors $\documentclass[12pt]{minimal}
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### Summary {#Sec58}
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The branching fraction for the decay $\documentclass[12pt]{minimal}
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Both Belle and Babar quote averages of the hadronic and the semileptonic tagging modes that we can use to obtain $\documentclass[12pt]{minimal}
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We do not quote a result for a combined lattice + Babar + Belle fit, since we are unable to properly take into account possible correlations between experimental results. Again, we emphasise the importance of publishing statistical and systematic correlation matrices in future lattice-QCD work on semileptonic form factors, so that the lattice results can be fully used to obtain CKM matrix elements and for other phenomenological applications.
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It is important to keep in mind that the dominant source of uncertainty in most present day lattice-QCD calculations of $\documentclass[12pt]{minimal}
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Despite the fact that the notion of the QCD coupling is initially a perturbative concept, the associated $\documentclass[12pt]{minimal}
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The change in the coupling from one scheme, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S$$\end{document}$, to another (taken here to be the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{\mathrm{MS}}$$\end{document}$ scheme) is perturbative,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g_{\overline{\mathrm{MS}}}^2(\mu ) = g_{S}^2(\mu ) (1 + c^{(1)}_g g_{S}^2(\mu ) + \cdots ), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c^{(i)}_g$$\end{document}$ are the finite renormalisation coefficients. The scale $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ must be taken high enough for the error in keeping only the first few terms in the expansion to be small. The conversion to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda $$\end{document}$-parameter in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{\mathrm{MS}}$$\end{document}$ scheme is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Lambda _{\overline{\mathrm{MS}}}= \Lambda _{S} \exp \left[ c_g^{(1)}/(2b_0)\right] . \end{aligned}$$\end{document}$$By convention $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}$$\end{document}$ is usually quoted at a scale $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu =M_Z$$\end{document}$ where the appropriate effective coupling is the one in the five-flavour theory: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha ^{(5)}_{\overline{\mathrm{MS}}}(M_Z)$$\end{document}$. In order to obtain it from a lower-flavour result, one connects effective theories with different number of flavour as discussed by Bernreuther and Wetzel \[[@CR471]\]. For example one considers the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{\mathrm{MS}}}$$\end{document}$ scheme, matches the three-flavour theory to the four-flavour theory at a scale given by the charm quark mass, runs with the four-loop beta-function of the four-flavour theory to a scale given by the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b$$\end{document}$-quark mass and there matches to the five-flavour theory, after which one runs up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu =M_Z$$\end{document}$. For the matching relation at a given quark threshold we use the mass $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_\star $$\end{document}$ which satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_\star = \overline{m}_{\overline{\mathrm{MS}}}(m_\star )$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{m}$$\end{document}$ is the running mass (analogous to the running coupling). Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \bar{g}^2_{N_\mathrm{f}-1}(m_\star )&= \bar{g}^2_{N_\mathrm{f}}(m_\star )\times [1+t_2\,\bar{g}^4_{N_\mathrm{f}}(m_\star )\nonumber \\&+t_3\,\bar{g}^6_{N_\mathrm{f}}(m_\star )+ \cdots ] \end{aligned}$$\end{document}$$with \[[@CR472]\]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} t_2&= {1 \over (4\pi ^2)^2} {11\over 72}\end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} t_3&= {1 \over (4\pi ^2)^3} \left[ - {82043\over 27648}\zeta _3 +{564731\over 124416}-{2633\over 31104}(N_\mathrm{f}-1)\right] \,\nonumber \\ \end{aligned}$$\end{document}$$(where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta _3$$\end{document}$ is the Riemann zeta-function) provides the matching at the thresholds in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{\mathrm{MS}}}$$\end{document}$-scheme. While $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_3$$\end{document}$ are numerically small coefficients, the charm threshold scale is also relatively low and so there could be some non-perturbative uncertainties in the matching procedure, which are difficult to estimate. Obviously there is no perturbative matching formula across the strange "threshold"; here matching is entirely non-perturbative. Model-dependent extrapolations of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{g}^2_{N_\mathrm{f}}$$\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=0,2$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=3$$\end{document}$ were done in the early days of lattice gauge theory. We will include these in our listings of results but not in our estimates, since such extrapolations are based on untestable assumptions.
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We begin by explaining lattice-specific difficulties in Sect. [9.2](#Sec65){ref-type="sec"} and the FLAG quality criteria designed to assess whether the associated systematic uncertainties can be controlled and estimated in a reasonable manner. We then discuss, in Sects. [9.3](#Sec66){ref-type="sec"}--[9.8](#Sec82){ref-type="sec"}, the various lattice approaches. For completeness, we present results from calculations with $\documentclass[12pt]{minimal}
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Discussion of criteria for computations entering the averages {#Sec65}
-------------------------------------------------------------

As in the PDG review, we only use calculations of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _\mathrm{s}$$\end{document}$ published in peer-reviewed journals, and that use NNLO or higher-order perturbative expansions, to obtain our final range in Sect. [9.9](#Sec85){ref-type="sec"}. We also, however, introduce further quality criteria designed to assess the ability to control important systematics which we describe here. Some of these criteria, e.g. that for the continuum extrapolation, are associated with lattice-specific systematics and have no continuum analogue. Other criteria, e.g. that for the renormalisation scale, could in principle be applied to non-lattice determinations but are not considered in the PDG average. Expecting that lattice calculations will continue to improve significantly in the near future, our goal in reviewing the state of the art here is to be conservative and avoid prematurely choosing an overly small range.
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For the second step after setting the scale $\documentclass[12pt]{minimal}
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Here it is assumed that the quantity $\documentclass[12pt]{minimal}
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In summary, a controlled determination of $\documentclass[12pt]{minimal}
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Conditions 2. and 3. give approximate lower and upper bounds for $\documentclass[12pt]{minimal}
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Obviously, an important issue for the reliability of a calculation is whether the scale $\documentclass[12pt]{minimal}
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Let us now comment further on the use of the perturbative series. Since it is only an asymptotic expansion, the remainder $\documentclass[12pt]{minimal}
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Since the size of the non-perturbative effects is very hard to estimate one should try to avoid such regions of the coupling. In a fully controlled computation one would like to verify the perturbative behaviour by changing $\documentclass[12pt]{minimal}
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The usual criterion for the chiral extrapolation and the control over finite-volume effects is missing here for the following reason. These criteria would apply only to the setting of the scale. Usually this has been determined in preceding papers of the collaboration determining the coupling constant (or indeed by another collaboration). However, the determination of the scale does not need to be very precise, since using the lowest-order $\documentclass[12pt]{minimal}
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### General considerations {#Sec67}
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### Discussion of computations {#Sec68}
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### General considerations {#Sec70}
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In order to reduce discretisation errors it is of advantage to define the numerical derivative giving the force as$$\documentclass[12pt]{minimal}
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### Discussion of computations {#Sec71}
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One of the main issues for all these computations is whether the perturbative running of the coupling constant has been reached. While for quenched or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_\mathrm{f}=0$$\end{document}$ fermions this seems to be the case at the smallest distances, for dynamical fermions at present there is no consensus. While both Brambilla 10 \[[@CR506]\] and Bazavov 12 \[[@CR504]\] find good agreement with perturbation theory after the renormalon is subtracted, Ref. \[[@CR508]\] uses the force, where no renormalon contributes, and finds that far shorter distances are needed than are presently accessible for dynamical fermion simulations in order to match to perturbation theory. Further work is needed to clarify this point.
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### General considerations {#Sec73}
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In more detail, the lattice data of the vacuum polarisation are fitted with the perturbative formula ([187](#Equ187){ref-type=""}) with fit parameter $\documentclass[12pt]{minimal}
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### Discussion of computations {#Sec74}

Results using this method are, to date, only available using overlap fermions. These are collected in Table [34](#Tab34){ref-type="table"} for $\documentclass[12pt]{minimal}
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### General considerations {#Sec76}
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### Continuum limit {#Sec77}

Lattice results always come along with discretisation errors, which one needs to remove by a continuum extrapolation. As mentioned previously, in this respect the present method differs in principle from those in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _\mathrm{s}$$\end{document}$ is determined from physical observables. In the general case, the numerical results of the lattice simulations at a value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ fixed in physical units can be extrapolated to the continuum limit, and the result can be analysed as to whether it shows perturbative running as a function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ in the continuum. For observables at the cutoff-scale ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q^*=d/a$$\end{document}$), discretisation effects cannot easily be separated out from perturbation theory, as the scale for the coupling comes from the lattice spacing. Therefore the restriction $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\mu \ll 1$$\end{document}$ (the 'continuum-extrapolation' criterion) is not applicable here. Discretisation errors of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a^2$$\end{document}$ are, however, present. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\sim \exp (-1/(2b_0 g_0^2)) \sim \exp (-1/(8\pi b_0 \alpha (q^*))$$\end{document}$, these errors now appear as power corrections to the perturbative running, and have to be taken into account in the study of the perturbative behaviour, which is to be verified by changing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a$$\end{document}$. One thus always should fit with power corrections in this method.

In order to keep a symmetry with the 'continuum-extrapolation' criterion for physical observables and to remember that discretisation errors are, of course, relevant, we replace it here by one for the lattice spacings used:
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### Discussion of computations {#Sec78}
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In the later update HPQCD 08A \[[@CR515]\] twelve data sets (with six lattice spacings) are now used reaching up to $\documentclass[12pt]{minimal}
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As mentioned before, the perturbative coefficients are computed through three-loop order \[[@CR529]\], while the higher-order perturbative coefficients $\documentclass[12pt]{minimal}
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For many of the quantities, the fitted central values of the ratios $\documentclass[12pt]{minimal}
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Perturbative truncation errors are the largest source of uncertainty in HPQCD 08A/10A, and a significant contribution in Maltman; both estimate this error to be about 0.3--0.4 %. Maltman uses the changes observed from fitting to data at the three finest versus fitting to data at all lattice spacings, while HPQCD uses the (correlated) errors in their fitted coefficients $\documentclass[12pt]{minimal}
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As perturbative coefficients are fit parameters, it is important to have isolated the perturbative piece of the short-distance quantity, or to show that non-perturbative effects are small. Checks were made expanding the short-distance quantity in a Taylor expansion in the quark mass and adding 'gluon condensate'-like terms. This did not change the fits perceptibly. With the $\documentclass[12pt]{minimal}
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### General considerations {#Sec80}
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A difficulty with this approach is that large masses are needed to enter the perturbative domain. Lattice artefacts can then be sizeable and have a complicated form. The ratios in Eq. ([199](#Equ199){ref-type=""}) use the tree-level lattice results in the usual way for normalisation. This results in unity as the leading term in Eq. ([202](#Equ202){ref-type=""}), suppressing some of the kinematical lattice artefacts. We note that in contrast to e.g. the definition of $\documentclass[12pt]{minimal}
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Moments of correlation functions of the quark's electromagnetic current can also be obtained from experimental data for $\documentclass[12pt]{minimal}
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### Discussion of computations {#Sec81}
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---------------------------------------------------------------------------------------

### General considerations {#Sec83}

The most intuitive and in principle direct way to determine the coupling constant in QCD is to compute the appropriate three or four point gluon vertices or alternatively the quark--quark--gluon vertex or ghost--ghost--gluon vertex (i.e. $\documentclass[12pt]{minimal}
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In practice the Landau gauge is used and the renormalisation constants are defined by requiring that the vertex is equal to the tree-level value at a certain momentum configuration. The resulting renormalisation schemes are called 'MOM' scheme (symmetric momentum configuration) or '$\documentclass[12pt]{minimal}
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A pioneering work to determine the three gluon vertex in the $\documentclass[12pt]{minimal}
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### Discussion of computations {#Sec84}

For the calculations considered here, to match to perturbative scaling, it was first necessary to reduce lattice artefacts by an $\documentclass[12pt]{minimal}
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In all calculations except for Sternbeck 10 \[[@CR549]\], Sternbeck 12 \[[@CR548]\], the matching with the perturbative formula is performed including power corrections in the form of condensates, in particular $\documentclass[12pt]{minimal}
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Three lattice spacings are present in almost all calculations with $\documentclass[12pt]{minimal}
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### The present situation {#Sec86}
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Many of the numbers are the ones given directly in the papers. However, when only $\documentclass[12pt]{minimal}
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Many of the methods have thus far only been applied by a single collaboration, and with simulation parameters that could still be improved. We therefore think that the following aspects of the individual calculations are important to keep in mind, and look forward to additional clarification and/or corroboration in the future.
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                \begin{document}$$\bullet \,$$\end{document}$ The potential computations Brambilla 10 \[[@CR506]\], ETM 11C \[[@CR505]\] and Bazavov 12 \[[@CR504]\] give evidence that they have reached distances where perturbation theory can be used. However, in addition to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda _\mathrm{QCD}$$\end{document}$, a scale is introduced into the perturbative prediction by the process of subtracting the renormalon contribution. The extractions of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _\mathrm{eff}\ge 0.3$$\end{document}$. In contrast, Ref. \[[@CR508]\], which studies the force instead of the potential and therefore does not need a renormalon subtraction, finds that significantly smaller lattice spacings would be needed in order for perturbation theory to be reliable. Further study is needed to clarify the situation.
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                \begin{document}$$\alpha _s$$\end{document}$ from observables at the lattice spacing scale, there is an interplay of higher-order perturbative terms and lattice artefacts. In HPQCD 05A \[[@CR514]\], HPQCD 08A \[[@CR515]\] and Maltman 08 \[[@CR518]\] both lattice artefacts (which are power corrections in this approach) and higher-order perturbative terms are fitted. We note that, Maltman 08 \[[@CR518]\] and HPQCD 08A \[[@CR515]\] analyse largely the same data set but use different versions of the perturbative expansion and treatments of non-perturbative terms. After adjusting for the slightly different lattice scales used, the values of $\documentclass[12pt]{minimal}
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                \begin{document}$$0.0008$$\end{document}$) comes from a tadpole-improved loop, which is expected to be best behaved perturbatively.
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                \begin{document}$$\bullet $$\end{document}$ Another computation with very small errors is HPQCD 10 \[[@CR73]\], where correlation functions of heavy quarks are used to construct short-distance quantities. Due to the large quark masses needed to reach the region of small coupling, considerable discretisation errors are present; see Fig. [24](#Fig24){ref-type="fig"}. These are treated by fits to the perturbative running (a five-loop running $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}$$\end{document}$ with a fitted five-loop coefficient in the beta-function is used) with high-order terms in a double expansion in $\documentclass[12pt]{minimal}
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                \begin{document}$$a^2\Lambda ^2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a^2 m_{h}^2$$\end{document}$ supplemented by priors which limit the size of the coefficients. The priors play an especially important role in these fits given the much larger number of fit parameters than data points. We note, however, that the size of the coefficients does not prevent high-order terms from contributing significantly, since the data include values of $\documentclass[12pt]{minimal}
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                \begin{document}$$am_\mathrm{p}/2$$\end{document}$ that are rather close to 1. It is not clear how sensitive the final results are to these large values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}^{(5)}(M_Z)$$\end{document}$ is summarised in Table [38](#Tab38){ref-type="table"} and Fig. [26](#Fig26){ref-type="fig"}. Early computations estimated the effect of the strange quark by extrapolations from $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2$$\end{document}$. They are included in the table and figure but do not enter the final range. Indeed with our present knowledge we see that such estimates were rather rough ones, but also other systematic errors such as a lack of control of discretisation errors presumably play a rôle in the differences seen with today's results. A number of calculations that include the effect of the strange quark make up our final estimate. These are Bazavov 12, HPQCD 10A/10B, PACS-CS 09A, Maltman 08 while HPQCD 08A/05A have been superseded by more complete calculations. We obtain the central value for our range,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha _{\overline{\mathrm{MS}}}^{(5)}(M_Z) = 0.1184(12), \end{aligned}$$\end{document}$$from the weighted average of the five results. Of the results that enter our range, those from Wilson loops (HPQCD 10A and Maltman 08) and current two-point correlators (HPQCD 10B) presently have the smallest quoted errors. In both cases the uncertainties are dominated by perturbative truncation errors. Such errors are difficult to estimate, and there is a considerable spread in opinion both in the lattice and continuum phenomenology communities regarding how they should be estimated. We therefore choose to be conservative, and take a larger range for $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}^{(5)}(M_Z)$$\end{document}$ than one would obtain from the weighted average, or even from the most precise individual calculation. We make a conservative estimate of the perturbative uncertainty in the calculation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _\mathrm{s}$$\end{document}$ from small Wilson loops, and take that estimate as the error range of the current weighted average of all lattice results. One approach for making such an estimate would be to take the largest of the differences between the calculations of Maltman 08 \[[@CR518]\] and HPQCD 08A \[[@CR515]\], 0.0008, which comes from the quantity computed by both groups that is expected to be best behaved perturbatively. This is somewhat larger than some of the estimates in the individual papers. An even more conservative estimate increases this error further to make it commensurate with a power-counting estimate of the truncation errors in the Wilson loop analyses. Taking the coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|c_4/c_1|\approx 2$$\end{document}$ in Eq. ([196](#Equ196){ref-type=""}) yields the estimate $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha ^{(5)}_{\overline{\mathrm{MS}}}(M_Z)$$\end{document}$. This is what we adopt as our final range.
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                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}^{(5)}(M_Z)$$\end{document}$ presented here is based on results with rather different systematics (apart from the matching across the charm threshold). We therefore believe that the true value is quite likely to lie within this range.

We would like to emphasise once more that all computations which enter this range rely on a perturbative inclusion of the charm and beauty quarks. While perturbation theory for the matching of $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{g}^2_{N_\mathrm{f}-1}$$\end{document}$ looks very well behaved even at the mass of the charm, this scale is rather low and we have no reliable information about the precision of perturbation theory. However, it seems unlikely that the associated uncertainty is comparable with the present errors. With future improved precision, this will become a relevant issue. Note that this uncertainty is also present in some of the phenomenological determinations, in particular from $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda _{{\overline{\mathrm{MS}}}}$$\end{document}$ {#Sec88}

In the present situation, we give ranges for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda _{{\overline{\mathrm{MS}}}}$$\end{document}$, discussing their determination case by case. We include results with $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}<3$$\end{document}$ because it is interesting to see the $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}$$\end{document}$-dependence of the connection of low- and high-energy QCD. This aids our understanding of the field theory and helps in finding possible ways to tackle it beyond the lattice approach. It is also of interest in providing an impression on the size of the vacuum polarisation effects of quarks, in particular with an eye on the still difficult-to-treat heavier charm and beauty quarks. Even if this information is rather qualitative, it may be valuable, given that it is of a completely non-perturbative nature.
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                \begin{document}$$[r_0 \Lambda ]^{(2)}$$\end{document}$ are *not*meant to be used in phenomenology.
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                \begin{document}$$N_\mathrm{f}=2+1+1$$\end{document}$ perturbatively at the charm quark-mass threshold.
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$, we take as a central value the weighted average of Bazavov 12, HPQCD 10A, 10B, PACS-CS 09A and Maltman 08. For the error we take our own conservative estimate of the perturbative uncertainty remaining in the determinations from small Wilson loops, HPQCD 10A and Maltman 08. From an estimate of $\documentclass[12pt]{minimal}
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                \begin{document}$$|c_4/c_1|\approx 2$$\end{document}$ we obtain (Eq. ([196](#Equ196){ref-type=""}) in Sect. [9.6](#Sec75){ref-type="sec"}) $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta \Lambda /\Lambda = 0.05$$\end{document}$. An independent estimate of the uncertainty due to the fit to the $\documentclass[12pt]{minimal}
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                \begin{document}$$a$$\end{document}$-dependence in the analysis of moments of heavy quark correlators is much more difficult to make; as discussed above, and in the absence of confirmation by other groups, we are not yet ready to use the result of HPQCD 10 to reduce our conservative estimate of the errors from other approaches. Noting that the statistical error is negligible, we thus assign the just mentioned 5 % error to the overall range,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {[r_0 \Lambda _{{\overline{\mathrm{MS}}}}]^{(3)}} = 0.81(4). \end{aligned}$$\end{document}$$It is in good agreement with all $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Lambda _{{\overline{\mathrm{MS}}}}^{(3)} = 339(17)\,\hbox {MeV}. \end{aligned}$$\end{document}$$For $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2$$\end{document}$, at present there is one computation with a rating for all criteria, ALPHA 12. We adopt it as our central value and enlarge the error to cover the central values of the other two results with filled green boxes. This results in an asymmetric error. Our present range is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {[r_0 \Lambda _{{\overline{\mathrm{MS}}}}]^{(2)}} = 0.79(^{+~5}_{-13}), \quad \end{aligned}$$\end{document}$$and in physical units, using $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Lambda _{{\overline{\mathrm{MS}}}}^{(2)} = 330(^{+21}_{-54})\, \hbox {MeV}. \quad \end{aligned}$$\end{document}$$A weighted average of the three eligible numbers would yield $\documentclass[12pt]{minimal}
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                \begin{document}$$[r_0 \Lambda _{{\overline{\mathrm{MS}}}}]^{(2)} = 0.725(30)$$\end{document}$, not covering the best result and in particular leading to a smaller error than we feel is justified, given the issues discussed above. Thus we believe that our estimate is a conservative choice; the lower value of ETM 11C \[[@CR505]\] leads to the large downwards error. We hope that future work will improve the situation.
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                \begin{document}$$N_\mathrm{f}=0$$\end{document}$, ALPHA 98 has a in the continuum limit since the $\documentclass[12pt]{minimal}
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                \begin{document}$${O}(a)$$\end{document}$ improvement at the boundary was carried out only to one-loop order. On the other hand, QCDSF/UKQCD 05 receives a for the perturbative behaviour since a power law correction was fitted to the results, and additionally we note again that it is not obvious that higher-order perturbative terms are negligible; an estimate as for HPQCD 10A (with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta [r_0 \Lambda _{{\overline{\mathrm{MS}}}}]^{(0)} = 0.018$$\end{document}$. A third result which enters our average is Brambilla 10 but we exclude the older estimates shown in the graph. They have a limited control of the systematic errors due to power law corrections and discretisation errors.[38](#Fn38){ref-type="fn"} Taking a weighted average of the three numbers, we obtain $\documentclass[12pt]{minimal}
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                \begin{document}$$[r_0 \Lambda _{{\overline{\mathrm{MS}}}}]^{(0)} = 0.615(5)$$\end{document}$, dominated by the QCDSF/UKQCD 05 result. Since we are not yet convinced that such a small uncertainty has been reached, we prefer to presently take a range which encompasses all three central values and whose uncertainty comes close to our estimate of the perturbative error:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {[r_0 \Lambda _{{\overline{\mathrm{MS}}}}]^{(0)}} = 0.62(2). \quad \end{aligned}$$\end{document}$$Converting to physical units, using $\documentclass[12pt]{minimal}
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How sure are we about our ranges for $\documentclass[12pt]{minimal}
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                \begin{document}$$[r_0 \Lambda _{{\overline{\mathrm{MS}}}}]$$\end{document}$? In one case we have a result, Eq. ([208](#Equ208){ref-type=""}) which easily passes our criteria, in another one (Eq. ([210](#Equ210){ref-type=""})) we have three compatible results which are close to that quality and agree. For $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{f}=2+1$$\end{document}$ the range (Eq. ([206](#Equ206){ref-type=""})) takes account of results with rather different systematics (apart from the matching across the charm threshold). We therefore find it difficult to imagine that the ranges could be violated by much.

### Conclusions {#Sec89}

With the present results our range for the strong coupling is (repeating Eq. ([205](#Equ205){ref-type=""}))$$\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}(M_Z)$$\end{document}$ in Eq. ([205](#Equ205){ref-type=""}) has about the same central value as the PDG average of lattice results, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}(M_Z) = 0.1185(5)$$\end{document}$, our error estimate is more conservative, derived from an estimate of perturbative uncertainties. In contrast, in the PDG review all published lattice results are taken with their errors at face value and a $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}(M_Z)$$\end{document}$ in Eq. ([205](#Equ205){ref-type=""}) within FLAG. Some members are sufficiently convinced by the overall consistency of the results from various groups within their quoted errors, as well as by the internal tests performed by individual groups, to take the quoted errors at face value. Others prefer the more conservative error estimate cited above, which aims to account for the difficulty associated with estimating perturbative truncation errors, the largest source of uncertainty in most of the calculations that enter the range. Given this diversity of opinion, we think it is appropriate to choose the more conservative estimate for our quoted range.

It is also interesting to compare our result, Eq. ([205](#Equ205){ref-type=""}), with the value quoted by the PDG for the average over all other (non-lattice) sources, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\alpha _\mathrm{s}$$\end{document}$ determinations except for the lattice results, the results disagree beyond those expected from the quoted errors, presumably because of the challenges of evaluating systematic uncertainties. Thus the quoted range for each subclass is increased to encompass the central values of all individual determinations. This leads to subclass averages with errors that are larger than the smallest error of individual determinations by factors between two and four.
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                \begin{document}$$\alpha _{\overline{\mathrm{MS}}}(M_Z)$$\end{document}$ in Eq. ([205](#Equ205){ref-type=""}) is in excellent agreement with the PDG non-lattice average: the work done on the lattice provides an entirely independent determination, which already reaches the same precision even with our conservative estimate of the perturbative error.

We finish by commenting on perspectives for the future. In the next few years we anticipate that a growing number of lattice calculations of $\documentclass[12pt]{minimal}
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Appendix A: Glossary {#Sec90}
====================

A.1 Lattice actions {#Sec91}
-------------------

In this appendix we give brief descriptions of the lattice actions used in the simulations and summarise their main features.

### A.1.1 Gauge actions {#Sec92}

The simplest and most widely used discretisation of the Yang--Mills part of the QCD action is the Wilson plaquette action \[[@CR560]\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$W_{\mu \nu }^{1\times 1}(x)$$\end{document}$ is the product of link variables around an elementary square of the lattice, i.e.$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W_{\mu \nu }^{1\times 1}(x) \equiv U_\mu (x)U_\nu (x+a\hat{\mu })U_\mu (x+a\hat{\nu })^{-1} U_\nu (x)^{-1}.\nonumber \\ \end{aligned}$$\end{document}$$This expression reproduces the Euclidean Yang--Mills action in the continuum up to corrections of order $\documentclass[12pt]{minimal}
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                \begin{document}$$a^2$$\end{document}$. There is a general formalism, known as the "Symanzik improvement programme" \[[@CR9], [@CR10]\], which is designed to cancel the leading lattice artefacts, such that observables have an accelerated rate of convergence to the continuum limit. The improvement programme is implemented by adding higher-dimensional operators, whose coefficients must be tuned appropriately in order to cancel the leading lattice artefacts. The effectiveness of this procedure depends largely on the method with which the coefficients are determined. The most widely applied methods (in ascending order of effectiveness) include perturbation theory, tadpole-improved (partially resummed) perturbation theory, renormalisation group methods, and the non-perturbative evaluation of improvement conditions.

In the case of Yang--Mills theory, the simplest version of an improved lattice action is obtained by adding rectangular $\documentclass[12pt]{minimal}
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                \begin{document}$$c_0, c_1$$\end{document}$. Details are listed in Table [39](#Tab39){ref-type="table"} together with the abbreviations used in the summary tables.Table 39Summary of lattice gauge actions. The leading lattice artefacts are $\documentclass[12pt]{minimal}
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                \begin{document}$$-0.331$$\end{document}$Renormalisation group improved ("Iwasaki") actionDBW2$\documentclass[12pt]{minimal}
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                \begin{document}$$-1.4088$$\end{document}$Renormalisation group improved ("DBW2") action

### A.1.2 Light-quark actions {#Sec93}

If one attempts to discretise the quark action, one is faced with the fermion doubling problem: the naive lattice transcription produces a 16-fold degeneracy of the fermion spectrum.

*Wilson fermions*

Wilson's solution to the fermion doubling problem is based on adding a dimension-5 (irrelevant) operator to the lattice action. The Wilson-Dirac operator for the massless case reads \[[@CR560], [@CR565]\]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} D_{w} = \frac{1}{2}\gamma _\mu (\nabla _\mu +\nabla _\mu ^*)+a\nabla _\mu ^*\nabla _\mu , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$a\nabla _\mu ^*\nabla _\mu $$\end{document}$, results in fermion doublers acquiring a mass proportional to the inverse lattice spacing; close to the continuum limit these extra degrees of freedom are removed from the low-energy spectrum. However, the Wilson term also results in an explicit breaking of chiral symmetry even at zero bare quark mass. Consequently, it also generates divergences proportional to the UV cutoff (inverse lattice spacing), besides the usual logarithmic ones. Therefore the chiral limit of the regularised theory is not defined simply by the vanishing of the bare quark mass but must be appropriately tuned. As a consequence quark mass renormalisation requires a power subtraction on top of the standard multiplicative logarithmic renormalisation. The breaking of chiral symmetry also implies that the non-renormalisation theorem has to be applied with care \[[@CR566], [@CR567]\], resulting in a normalisation factor for the axial current which is a regular function of the bare coupling. On the other hand, vector symmetry is unaffected by the Wilson term and thus a lattice (point split) vector current is conserved and obeys the usual non-renormalisation theorem with a trivial (unity) normalisation factor. Thus, compared to lattice fermion actions which preserve chiral symmetry, or a subgroup of it, the Wilson regularisation typically results in more complicated renormalisation patterns.

Furthermore, the leading-order lattice artefacts are of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a$$\end{document}$. With the help of the Symanzik improvement programme, the leading artefacts can be cancelled in the action by adding the so-called "Clover" or Sheikholeslami--Wohlert (SW) term \[[@CR568]\]. The resulting expression in the massless case reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} D_\mathrm{sw} = D_{w}+\frac{ia}{4}\,c_{\mathrm{sw}}\sigma _{\mu \nu }\widehat{F}_{\mu \nu }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{F}_{\mu \nu }$$\end{document}$ is a lattice transcription of the gluon field strength tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{\mu \nu }$$\end{document}$. The coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{\mathrm{sw}}$$\end{document}$ can be determined perturbatively at tree level ($\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\mathrm{sw}}= 1$$\end{document}$; tree-level improvement or tlSW for short), via a mean-field approach \[[@CR516]\] (mean-field improvement or mfSW) or via a non-perturbative approach \[[@CR569]\] (non-perturbatively improved or npSW). Hadron masses, computed using $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\mathrm{sw}}$$\end{document}$ determined non-perturbatively, will approach the continuum limit with a rate proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\mathrm{sw}}$$\end{document}$ the rate is proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$g_0^2 a$$\end{document}$.

Other observables require additional improvement coefficients \[[@CR568]\]. A common example consists in the computation of the matrix element $\documentclass[12pt]{minimal}
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                \begin{document}$${\langle }\alpha \vert Q \vert \beta \rangle $$\end{document}$ of a composite field $\documentclass[12pt]{minimal}
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                \begin{document}$$\vert \beta \rangle $$\end{document}$. In the simplest cases, the above bare matrix element diverges logarithmically and a single renormalisation parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_Q$$\end{document}$ is adequate to render it finite. It then approaches the continuum limit with a rate proportional to the lattice spacing $\documentclass[12pt]{minimal}
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                \begin{document}$$a$$\end{document}$, even when the lattice action contains the Clover term. In order to reduce discretisation errors to $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {O}}(a^2)$$\end{document}$, the lattice definition of the composite operator $\documentclass[12pt]{minimal}
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                \begin{document}$$Q$$\end{document}$ must be modified (or "improved"), by the addition of all dimension-$\documentclass[12pt]{minimal}
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                \begin{document}$$Q$$\end{document}$. Each of these terms is accompanied by a coefficient which must be tuned in a way analogous to that of $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\mathrm{sw}}$$\end{document}$. Once these coefficients are determined non-perturbatively, the renormalised matrix element of the improved operator, computed with a npSW action, converges to the continuum limit with a rate proportional to $\documentclass[12pt]{minimal}
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It is important to stress that the improvement procedure does not affect the chiral properties of Wilson fermions; chiral symmetry remains broken.

Finally, we mention "twisted-mass QCD" as a method which was originally designed to address another problem of Wilson's discretisation: the Wilson-Dirac operator is not protected against the occurrence of unphysical zero modes, which manifest themselves as "exceptional" configurations. They occur with a certain frequency in numerical simulations with Wilson quarks and can lead to strong statistical fluctuations. The problem can be cured by introducing a so-called "chirally twisted" mass term. The most common formulation applies to a flavour doublet $\documentclass[12pt]{minimal}
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*Staggered fermions*

An alternative procedure to deal with the doubling problem is based on so-called "staggered" or Kogut--Susskind fermions \[[@CR571]--[@CR574]\]. Here the degeneracy is only lifted partially, from 16 down to 4. It has become customary to refer to these residual doublers as "tastes" in order to distinguish them from physical flavours. Taste-changing interactions can occur via the exchange of gluons with one or more components of momentum near the cutoff $\documentclass[12pt]{minimal}
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The residual doubling of staggered quarks (four tastes per flavour) is removed by taking a fractional power of the fermion determinant \[[@CR575]\]---the "fourth-root procedure," or, sometimes, the "fourth-root trick." This procedure would be unproblematic if the action had full SU(4) taste symmetry, which would give a Dirac operator that was block-diagonal in taste space. However, the breaking of taste symmetry at non-zero lattice spacing leads to a variety of problems. In fact, the fourth root of the determinant is not equivalent to the determinant of any local lattice Dirac operator \[[@CR576]\]. This in turn leads to violations of unitarity on the lattice \[[@CR577]--[@CR580]\].

According to standard renormalisation group lore, the taste violations, which are associated with lattice operators of dimension greater than four, might be expected go away in the continuum limit, resulting in the restoration of locality and unitarity. However, there is a problem with applying the standard lore to this non-standard situation: the usual renormalisation group reasoning assumes that the lattice action is local. Nevertheless, Shamir \[[@CR581], [@CR582]\] shows that one may apply the renormalisation group to a "nearby" local theory, and thereby gives a strong argument that the desired local, unitary theory of QCD is reproduced by the rooted staggered lattice theory in the continuum limit.

A version of chiral perturbation that includes the lattice artefacts due to taste violations and rooting ("rooted staggered chiral perturbation theory") can also be worked out \[[@CR583]--[@CR585]\] and shown to correctly describe the unitarity-violating lattice artefacts in the pion sector \[[@CR578], [@CR586]\]. This provides additional evidence that the desired continuum limit can be obtained. Further, it gives a practical method for removing the lattice artefacts from simulation results. Versions of rooted staggered chiral perturbation theory exist for heavy--light mesons with staggered light quarks but non-staggered heavy quarks \[[@CR587]\], heavy--light mesons with staggered light and heavy quarks \[[@CR339], [@CR588]\], staggered baryons \[[@CR589]\], and mixed actions with a staggered sea \[[@CR317], [@CR590]\], as well as the pion-only version referenced above.

There is also considerable numerical evidence that the rooting procedure works as desired. This includes investigations in the Schwinger model \[[@CR591]--[@CR593]\], studies of the eigenvalues of the Dirac operator in QCD \[[@CR594]--[@CR597]\], and evidence for taste restoration in the pion spectrum as $\documentclass[12pt]{minimal}
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                \begin{document}$$a\rightarrow 0$$\end{document}$ \[[@CR15], [@CR36]\].

Issues with the rooting procedure have led Creutz \[[@CR598]--[@CR604]\] to argue that the continuum limit of the rooted staggered theory cannot be QCD. These objections have, however, been answered in Refs. \[[@CR12]--[@CR14], [@CR597], [@CR605]--[@CR608]\]. In particular, a claim that the continuum 't Hooft vertex \[[@CR12]--[@CR14], [@CR597], [@CR605]--[@CR608]\] could not be properly reproduced by the rooted theory has been refuted \[[@CR597], [@CR606]\].

Overall, despite the lack of rigorous proof of the correctness of the rooting procedure, we think the evidence is strong enough to consider staggered QCD simulations on a par with simulations using other actions. See the following reviews for further evidence and discussion: \[[@CR11]--[@CR15]\].

*Improved staggered fermions*

An improvement program can be used to suppress taste-changing interactions, leading to "improved staggered fermions," with the so-called "Asqtad" \[[@CR611], "HISQ" \[[@CR612], "Stout-smeared" \[[@CR613]\], and "HYP" \[[@CR614]\] actions as the most common versions. All these actions smear the gauge links in order to reduce the coupling of high-momentum gluons to the quarks, with the main goal of decreasing taste-violating interactions. In the Asqtad case, this is accomplished by replacing the gluon links in the derivatives by averages over 1-, 3-, 5-, and 7-link paths. The other actions reduce taste changing even further by smearing more. In addition to the smearing, the Asqtad and HISQ actions include a three-hop term in the action (the "Naik term" \[[@CR615]\]) to remove order $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _S a^2$$\end{document}$. The overall coefficients of these errors are, however, significantly smaller with HISQ than with Asqtad. With the Stout-smeared and HYP actions, the errors are formally larger (order $\documentclass[12pt]{minimal}
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Although logically distinct from the light-quark improvement program for these actions, it is customary with the HISQ action to include an additional correction designed to reduce discretisation errors for heavy quarks (in practice, usually charm quarks) \[[@CR612]\]. The Naik term is adjusted to remove leading $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{c}$$\end{document}$ is the charm quark mass and "leading" in this context means leading in powers of the heavy-quark velocity $\documentclass[12pt]{minimal}
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*Ginsparg--Wilson fermions*

Fermionic lattice actions, which do not suffer from the doubling problem whilst preserving chiral symmetry go under the name of "Ginsparg--Wilson fermions". In the continuum the massless Dirac operator ($\documentclass[12pt]{minimal}
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A lattice Dirac operator which satisfies Eq. ([219](#Equ219){ref-type=""}) can be constructed in several ways. The so-called "overlap" or Neuberger--Dirac operator \[[@CR621]\] acts in four space-time dimensions and is, in its simplest form, defined by$$\documentclass[12pt]{minimal}
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The most widely used approach to satisfying the Ginsparg--Wilson relation Eq. ([219](#Equ219){ref-type=""}) in large-scale numerical simulations is provided by *Domain-Wall Fermions* (DWF) \[[@CR622]--[@CR624]\] and we therefore describe this in some more detail. Following early exploratory studies \[[@CR625]\]. this approach has been developed into a practical formulation of lattice QCD with good chiral and flavour symmetries leading to results which contribute significantly to this review. In this formulation, the fermion fields $\documentclass[12pt]{minimal}
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                \begin{document}$$N$$\end{document}$ is finite and there are small violations of chiral symmetry which must be accounted for. The theoretical framework for the study of the residual breaking of chiral symmetry has been a subject of intensive investigation (for a review and references to the original literature see e.g. \[[@CR626]\]). The breaking requires one or more *crossings* of the fifth dimension to couple the left and right-handed modes; the more crossings that are required the smaller the effect. For many physical quantities the leading effects of chiral symmetry breaking due to finite $\documentclass[12pt]{minimal}
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The main price which has to be paid for the good chiral symmetry is that the simulations are performed in five dimensions, requiring approximately a factor of $\documentclass[12pt]{minimal}
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                \begin{document}$$N$$\end{document}$ in computing resources and resulting in practice in ensembles at fewer values of the lattice spacing and quark masses than is possible with other formulations. The current generation of DWF simulations is being performed at physical quark masses so that ensembles with good chiral and flavour symmetries are being generated and analysed \[[@CR25]\]. For a discussion of the equivalence of DWF and overlap fermions see \[[@CR627], [@CR628]\].

A third example of an operator which satisfies the Ginsparg--Wilson relation is the so-called fixed-point action \[[@CR629]--[@CR631]\]. This construction proceeds via a renormalisation group approach. A related formalism are the so-called "chirally improved" fermions \[[@CR632]\].

*Smearing*

A simple modification which can help improve the action as well as the computational performance is the use of smeared gauge fields in the covariant derivatives of the fermionic action. Any smearing procedure is acceptable as long as it consists of only adding irrelevant (local) operators. Moreover, it can be combined with any discretisation of the quark action. The "Asqtad" staggered quark action mentioned above \[[@CR611]\] is an example which makes use of so-called "Asqtad" smeared (or "fat") links. Another example is the use of n-HYP-smeared \[[@CR614], [@CR633]\], stout-smeared \[[@CR634], [@CR635]\] or HEX (hypercubic stout) smeared \[[@CR636]\] gauge links in the tree-level clover improved discretisation of the quark action, denoted by "n-HYP tlSW", "stout tlSW" and "HEX tlSW" in the following.

In Table [40](#Tab40){ref-type="table"} we summarise the most widely used discretisations of the quark action and their main properties together with the abbreviations used in the summary tables. Note that in order to maintain the leading lattice artefacts of the actions as given in the table in non-spectral observables (like operator matrix elements) the corresponding non-spectral operators need to be improved as well.Table 40The most widely used discretisations of the quark action and some of their properties. Note that in order to maintain the leading lattice artefacts of the action in non-spectral observables (like operator matrix elements) the corresponding non-spectral operators need to be improved as wellAbbrev.DiscretisationLeading lattice artefactsChiral symmetryRemarksWilsonWilson$\documentclass[12pt]{minimal}
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### A.1.3 Heavy-quark actions {#Sec94}

Charm and bottom quarks are often simulated with different lattice-quark actions than up, down, and strange quarks because their masses are large relative to typical lattice spacings in current simulations; for example, $\documentclass[12pt]{minimal}
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One approach for lattice heavy quarks is direct application of effective theory. In this case the lattice heavy-quark action only correctly describes phenomena in a specific kinematic regime, such as Heavy-Quark Effective Theory (HQET) \[[@CR637]--[@CR639]\] or Non-relativistic QCD (NRQCD) \[[@CR640], [@CR641]\]. One can discretise the effective Lagrangian to obtain, for example, Lattice HQET \[[@CR642]\] or Lattice NRQCD \[[@CR643], [@CR644]\], and then simulate the effective theory numerically. The coefficients of the operators in the lattice-HQET and lattice-NRQCD actions are free parameters that must be determined by matching to the underlying theory (QCD) through the chosen order in $\documentclass[12pt]{minimal}
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Another approach is to interpret a relativistic quark action such as those described in the previous section in a manner suitable for heavy quarks. One can extend the standard Symanzik improvement program, which allows one to systematically remove lattice cutoff effects by adding higher-dimension operators to the action, by allowing the coefficients of the dimension 4 and higher operators to depend explicitly upon the heavy-quark mass. Different prescriptions for tuning the parameters correspond to different implementations: those in common use are often called the Fermilab action \[[@CR645]\], the relativistic heavy-quark action (RHQ) \[[@CR646]\], and the Tsukuba formulation \[[@CR647]\]. In the Fermilab approach, HQET is used to match the lattice theory to continuum QCD at the desired order in $\documentclass[12pt]{minimal}
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More generally, effective theory can be used to estimate the size of cutoff errors from the various lattice heavy-quark actions. The power counting for the sizes of operators with heavy quarks depends on the typical momenta of the heavy quarks in the system. Bound-state dynamics differ considerably between heavy--heavy and heavy--light systems. In heavy--light systems, the heavy quark provides an approximately static source for the attractive binding force, like the proton in a hydrogen atom. The typical heavy-quark momentum in the bound-state rest frame is $\documentclass[12pt]{minimal}
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Alternatively, one can simulate bottom or charm quarks with the same action as up, down, and strange quarks provided that (1) the action is sufficiently improved, and (2) the lattice spacing is sufficiently fine. These qualitative criteria do not specify precisely how large a numerical value of $\documentclass[12pt]{minimal}
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                \begin{document}$$am_{h}$$\end{document}$ can be allowed while obtaining a given precision for physical quantities; this must be established empirically in numerical simulations. At present, both the HISQ and twisted-mass Wilson actions discussed previously are being used to simulate charm quarks. Simulations with HISQ quarks have employed heavier quark masses than those with twisted-mass Wilson quarks because the action is more highly improved, but neither action can be used to simulate at the physical $\documentclass[12pt]{minimal}
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*Heavy-quark effective theory*

HQET was introduced by Eichten and Hill in Ref. \[[@CR638]\]. It provides the correct asymptotic description of QCD correlation functions in the static limit $\documentclass[12pt]{minimal}
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The HQET Lagrangian density at the leading (static) order in the rest frame of the heavy quark is given by$$\documentclass[12pt]{minimal}
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A framework for non-perturbative HQET on the lattice has been introduced in \[[@CR642], [@CR650]\]. As pointed out in Refs. \[[@CR651], [@CR652]\], since $\documentclass[12pt]{minimal}
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The higher-dimensional interaction terms in the effective Lagrangian are treated as space-time volume insertions into static correlation functions. For correlators of some multi-local fields $\documentclass[12pt]{minimal}
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The noise-to-signal ratio of static-light correlation functions grows exponentially in Euclidean time, $\documentclass[12pt]{minimal}
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*Non-relativistic QCD*

Non-relativistic QCD (NRQCD) \[[@CR643], [@CR644]\] is an effective theory that can be matched to full QCD order by order in the heavy-quark velocity $\documentclass[12pt]{minimal}
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As an effective field theory, NRQCD is only useful with an ultraviolet cutoff of order $\documentclass[12pt]{minimal}
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An important feature of the NRQCD approach is that the same action can be applied to both heavy--heavy and heavy--light systems. This allows, for instance, the bare $\documentclass[12pt]{minimal}
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Given the same lattice-NRQCD heavy-quark action, simulation results will not be as accurate for charm quarks as for bottom ($\documentclass[12pt]{minimal}
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Most of the operator matchings involving heavy--light currents or four-fermion operators with NRQCD $\documentclass[12pt]{minimal}
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*Relativistic heavy quarks*

An approach for relativistic heavy-quark lattice formulations was first introduced by El-Khadra et al. in Ref. \[[@CR645]\]. Here they showed that, for a general lattice action with massive quarks and non-Abelian gauge fields, discretisation errors can be factorised into the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(m_{h} a)(a|\vec {p}_{h}|)^n$$\end{document}$, and that the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(m_{h} a)$$\end{document}$ is bounded to be of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal O}(1)$$\end{document}$ or less for all values of the quark mass $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{h}$$\end{document}$. Therefore cutoff effects are of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal O}(a \Lambda _\mathrm{QCD})^n$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal O}((a|\vec {p}_{h}|)^n)$$\end{document}$, even for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$am_{h} \gtrsim 1$$\end{document}$, and they can be controlled using a Symanzik-like procedure. As in the standard Symanzik improvement program, cutoff effects are systematically removed by introducing higher-dimension operators to the lattice action and suitably tuning their coefficients. In the relativistic heavy-quark approach, however, the operator coefficients are allowed to depend explicitly on the quark mass. By including lattice operators through dimension $\documentclass[12pt]{minimal}
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The relativistic heavy-quark approach can be used to compute the matrix elements of states containing heavy quarks for which the heavy-quark spatial momentum $\documentclass[12pt]{minimal}
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At fixed lattice spacing, relativistic heavy-quark formulations recover the massless limit when $\documentclass[12pt]{minimal}
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The relativistic heavy-quark formulations in use all begin with the anisotropic Sheikholeslami--Wohlert ("clover") action \[[@CR660]\]:$$\documentclass[12pt]{minimal}
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The Fermilab interpretation \[[@CR645]\] is suitable for calculations of mass splittings and matrix elements of systems with heavy quarks. The Fermilab action is based on the hopping-parameter form of the Wilson action, in which $\documentclass[12pt]{minimal}
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                \begin{document}$$c_\mathrm{SW} = 1/u_0^3$$\end{document}$ from mean-field improved lattice perturbation theory \[[@CR516]\]. With this prescription, discretisation effects are of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal O}(a)$$\end{document}$ errors in electroweak operators by rotating the heavy-quark field used in the matrix element and setting the rotation coefficient to its tadpole-improved tree-level value (see e.g. Eqs. (7.8) and (7.10) of Ref. \[[@CR645]\]). Finally, electroweak operators are typically renormalised using a mostly non-perturbative approach in which the flavour-conserving light--light and heavy--heavy current renormalisation factors $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_V^{hh}$$\end{document}$ are computed non-perturbatively \[[@CR663]\]. The flavour-conserving factors account for most of the heavy--light current renormalisation. The remaining correction is expected to be close to unity due to the cancellation of most of the radiative corrections including tadpole graphs \[[@CR659]\]; therefore it can be reliably computed at one loop in mean-field improved lattice perturbation theory with truncation errors at the percent to few-percent level.

The relativistic heavy-quark (RHQ) formulation developed by Li et al. builds upon the Fermilab approach, but it tunes all the parameters of the action in Eq. ([236](#Equ236){ref-type=""}) non-perturbatively \[[@CR646]\]. In practice, the three parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$M_1 = M_2$$\end{document}$, one gains the ability to use the meson rest masses, which are generally more precise than the kinetic masses, in the RHQ approach. The non-perturbative parameter-tuning procedure eliminates $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal O}(\alpha _\mathrm{s}^2a|\vec {p}_{h}|, (a|\vec {p}_{h}|)^2)$$\end{document}$. Matching the lattice operators to the continuum will be done following the mostly non-perturbative approach described above.

The Tsukuba heavy-quark action is also based on the Sheikholeslami--Wohlert action in Eq. ([236](#Equ236){ref-type=""}), but it allows for further anisotropies and hence has additional parameters: specifically the clover coefficients in the spatial $\documentclass[12pt]{minimal}
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                \begin{document}$$c_E$$\end{document}$, are calculated at one loop in mean-field improved lattice perturbation theory \[[@CR666]\]. The hopping parameter is fixed non-perturbatively to reproduce the experimentally measured spin-averaged $\documentclass[12pt]{minimal}
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                \begin{document}$$M_1 = M_2$$\end{document}$). For the renormalisation and improvement coefficients of weak current operators, the contributions in the chiral limit are obtained non-perturbatively \[[@CR21], [@CR667]\], while the mass-dependent contributions are estimated using one-loop lattice perturbation theory \[[@CR668]\]. With these choices, lattice cutoff effects from the action and operators are of $\documentclass[12pt]{minimal}
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*Light-quark actions combined with HQET*

The heavy-quark formulations discussed in the previous sections use effective field theory to avoid the occurrence of discretisation errors of the form $\documentclass[12pt]{minimal}
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The ETM collaboration has developed two methods, the "ratio method" \[[@CR392]\] and the "interpolation method" \[[@CR669], [@CR670]\]. They use these methods together with simulations with twisted-mass Wilson fermions, which have discretisation errors of $\documentclass[12pt]{minimal}
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                \begin{document}$$b$$\end{document}$ quark mass. In ETM's implementation of this method, the heavy Wilson decay constants are matched to HQET using NLO in continuum perturbation theory. The static limit result is renormalised using one-loop mean-field improved lattice perturbation theory, while for the relativistic data PCAC is used to calculate absolutely normalised matrix elements. Both, the relativistic and static limit data are then run to the common reference scale $\documentclass[12pt]{minimal}
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                \begin{document}$$z$$\end{document}$ is equal to unity in the static limit. Hence, a separate static limit calculation is not needed with this method. In ETM's implementation of the ratio method for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B$$\end{document}$-meson decay constant, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P(m_{h})$$\end{document}$ is constructed from the decay constants and the heavy-quark pole mass as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P(m_{h}) = f_{h\ell }(m_{h}) \cdot (m^\mathrm{pole}_{h})^{1/2}$$\end{document}$. The corresponding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z$$\end{document}$-ratio therefore also includes ratios of perturbative matching factors for the pole mass to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{\mathrm{MS}}}$$\end{document}$ conversion. For the interpolation to the physical $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The HPQCD collaboration has introduced a method in Ref. \[[@CR366]\] which we shall refer to as the "heavy HISQ" method. The first key ingredient is the use of the HISQ action for the heavy and light valence quarks, which has leading discretisation errors of $\documentclass[12pt]{minimal}
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In Table [41](#Tab41){ref-type="table"} we list the discretisations of the quark action most widely used for heavy $\documentclass[12pt]{minimal}
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A.2 Setting the scale {#Sec95}
---------------------

In simulations of lattice QCD quantities such as hadron masses and decay constants are obtained in "lattice units" i.e. as dimensionless numbers. In order to convert them into physical units they must be expressed in terms of some experimentally known, dimensionful reference quantity $\documentclass[12pt]{minimal}
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Another widely used quantity to set the scale is the hadronic radius $\documentclass[12pt]{minimal}
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                \begin{document}$$r_1$$\end{document}$ are not directly accessible in experiment, so that their values derived from phenomenological potentials are necessarily model-dependent. Inspite of the inherent ambiguity whenever hadronic radii are used to calibrate the lattice spacing, they are very useful quantities for performing scaling tests and continuum extrapolations of lattice data. Furthermore, they can be easily computed with good statistical accuracy in lattice simulations.

A.3 Matching and running {#Sec96}
------------------------

The lattice formulation of QCD amounts to introducing a particular regularisation scheme. Thus, in order to be useful for phenomenology, hadronic matrix elements computed in lattice simulations must be related to some continuum reference scheme, such as the $\documentclass[12pt]{minimal}
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In principle, the matching factors which relate lattice matrix elements to the $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{\mathrm{MS}}}$$\end{document}$-scheme can be computed in perturbation theory formulated in terms of the bare coupling. It has been known for a long time, though, that the perturbative expansion is not under good control. Several techniques have been developed which allow for a non-perturbative matching between lattice regularisation and continuum schemes, and they are briefly introduced here.

*Regularisation-independent momentum subtraction*

In the *Regularisation-independent momentum subtraction* ("RI/MOM" or "RI") scheme \[[@CR297]\] a non-perturbative renormalisation condition is formulated in terms of Green functions involving quark states in a fixed gauge (usually Landau gauge) at non-zero virtuality. In this way one relates operators in lattice regularisation non-perturbatively to the RI scheme. In a second step one matches the operator in the RI scheme to its counterpart in the $\documentclass[12pt]{minimal}
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                \begin{document}$$2\pi $$\end{document}$ over the lattice spacing), since otherwise large lattice artefacts are incurred. Thus, the applicability of the RI scheme traditionally relies on the existence of a "window" of momentum scales, which satisfy$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Lambda _\mathrm{QCD} \lesssim p \lesssim 2\pi a^{-1}. \end{aligned}$$\end{document}$$However, solutions for mitigating this limitation, which involve continuum limit, non-perturbative running to higher scales in the RI/MOM scheme, have recently been proposed and implemented \[[@CR22], [@CR23], [@CR315], [@CR671]\].

*Schrödinger functional*

Another example of a non-perturbative matching procedure is provided by the Schrödinger functional (SF) scheme \[[@CR87]\]. It is based on the formulation of QCD in a finite volume. If all quark masses are set to zero the box length remains the only scale in the theory, such that observables like the coupling constant run with the box size $\documentclass[12pt]{minimal}
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*Perturbation theory*

The third matching procedure is based on perturbation theory in which higher order are effectively resummed \[[@CR516]\]. Although this procedure is easier to implement, it is hard to estimate the uncertainty associated with it.

*Mostly non-perturbative renormalisation*

Some calculations of heavy--light and heavy--heavy matrix elements adopt a mostly non-perturbative matching approach. Let us consider a weak decay process mediated by a current with quark flavours $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{J_{hq}}$$\end{document}$ have been calculated for heavy--light and heavy--heavy currents for Fermilab heavy and both (improved) Wilson light \[[@CR659], [@CR662]\] and asqtad light \[[@CR672]\] quarks. In all cases the one-loop coefficients are found to be very small, yielding sub-percent to few percent level corrections.

In Table [42](#Tab42){ref-type="table"} we list the abbreviations used in the compilation of results together with a short description.Table 42The most widely used matching and running techniquesAbbrev.DescriptionRIRegularisation-independent momentum subtraction schemeSFSchrödinger functional schemePT1$\documentclass[12pt]{minimal}
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A.4 Chiral extrapolation {#Sec97}
------------------------

As mentioned in the introduction, Symanzik's framework can be combined with Chiral Perturbation Theory. The well-known terms occurring in the chiral effective Lagrangian are then supplemented by contributions proportional to powers of the lattice spacing $\documentclass[12pt]{minimal}
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For staggered fermions, this program has first been carried out for a single staggered flavour (a single staggered field) \[[@CR583]\] at $\documentclass[12pt]{minimal}
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For Wilson fermions, the effective theory has been developed in \[[@CR245], [@CR246], [@CR674]\] and is called W$\documentclass[12pt]{minimal}
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Another important approach is to consider theories in which the valence and sea quark masses are chosen to be different. These theories are called *partially quenched*. The acronym for the corresponding chiral effective theory is PQ$\documentclass[12pt]{minimal}
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Finally, one can also consider theories where the fermion discretisations used for the sea and the valence quarks are different. The effective chiral theories for these "mixed-action" theories are referred to as MA$\documentclass[12pt]{minimal}
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A.5 Summary of simulated lattice actions {#Sec98}
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Appendix B: Notes {#Sec99}
=================

B.1 Notes to Sect. [3](#Sec10){ref-type="sec"} on quark masses {#Sec100}
--------------------------------------------------------------
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### B.7.1 Renormalisation scale and perturbative behaviour {#Sec113}
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The original group had been set up in the framework of a European Network on Flavour Physics (Flavianet).
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J. Shigemitsu has withdrawn from FLAG, immediately after completion of the first version of the present paper ([arXiv:1310.8555](http://arxiv.org/abs/1310.8555) \[hep-lat\]), of which she is a co-author. She is listed here in recognition of her full involvement in the review of B(s) and D semileptonic and radiative decays, as well as for her valuable contribution of the whole FLAG effort.

We refer the interested reader to a number of good reviews on the subject \[[@CR11]--[@CR15]\].

In the case of MILC, we are referring to the staggered root-mean-square average mass of the taste partners (see discussion in Sect. [2.1](#Sec5){ref-type="sec"}). The mass of the corresponding taste-Goldstone pion in these simulations is the physical value.
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The pion decay constant represents a QCD matrix element---in the full Standard Model, the one-pion state is not a meaningful notion: the correlation function of the charged axial current does not have a pole at $\documentclass[12pt]{minimal}
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It is not a trivial matter to perform the data analysis at this precision. In particular, isospin-breaking effects need to be properly accounted for \[[@CR116]--[@CR120]\]. For a review of recent work on this issue, we refer to \[[@CR121]\].

Fortran programs for the numerical evaluation of the form factor representation in \[[@CR174]\] are available on request from Johan Bijnens.

Email exchange between HPQCD and FLAG.

Since the MILC result is obtained for a charged kaon, we remove the isospin-breaking effect according to the formula $\documentclass[12pt]{minimal}
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More precisely, they are independent of the two or three light quark masses which are explicitly considered in the respective framework. However, all low-energy constants depend on the masses of the remaining quarks $\documentclass[12pt]{minimal}
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Notice that one could analyse the quark-mass dependence entirely in terms of the parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^2$$\end{document}$ defined in Eq. ([49](#Equ49){ref-type=""}) and determine equally well all other LECs. Using the determination of the quark masses described in Sect. [3](#Sec10){ref-type="sec"} one can then extract $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma $$\end{document}$.
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Higher-order systematic effects in the matching with RMT have been investigated in \[[@CR228], [@CR229]\].
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There are theoretical arguments suggesting that the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ expansion is preferable to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$ expansion, based on the observation that the coefficients in front of the squared logs in ([48](#Equ48){ref-type=""}) are somewhat larger than in ([53](#Equ53){ref-type=""}). This can be traced to the fact that a part of every formula in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$ expansion is concerned with locating the position of the pion pole (at the previous order) while in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ expansion the knowledge of this position is built in exactly. Numerical evidence supporting this view is presented in \[[@CR67]\].
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There are two naive procedures to symmetrise an asymmetric systematic error: (i) keep the central value untouched and enlarge the smaller error, (ii) shift the central value by half of the difference between the two original errors and enlarge/shrink both errors by the same amount. Our procedure (iii) is to average the results of (i) and (ii). In other words, a result $\documentclass[12pt]{minimal}
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For instance, for the MILC data this yields $\documentclass[12pt]{minimal}
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A very recent lattice calculation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon '$$\end{document}$ \[[@CR307], [@CR308]\]. This lattice calculation uses only a single lattice spacing, so we do not quote the resulting value here, but note that it is consistent with that obtained in Ref. \[[@CR306]\], with errors estimated to be significantly smaller.

This approach is supported by the results of the calculations using partial quenching (see in particular Refs. \[[@CR77]\] and \[[@CR315]\]), which find that the dependence on sea-quark masses is weaker than that on the valence-quark masses (which itself is very mild).

For example, the master formula Eq. ([85](#Equ85){ref-type=""}) no longer holds as written because contributions containing two insertions of $\documentclass[12pt]{minimal}
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We can approximately quantify this as follows. A weighted average of BMW 11, Laiho 11 and RBC/UKQCD 12A using only statistical errors gives $\documentclass[12pt]{minimal}
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This situation differs from that of calculations of the $\documentclass[12pt]{minimal}
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We note that HFAG currently averages results for neutral and charged $\documentclass[12pt]{minimal}
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The variance of hadron correlation functions at non-zero momentum is dominated at large Euclidean times by zero-momentum multiparticle states \[[@CR417]\]; therefore the noise-to-signal grows more rapidly than for the vanishing momentum case.

These calculations are based on an overlapping set of gauge-field ensembles, so their statistical errors are highly correlated. They use different heavy-quark actions, renormalisation methods, and chiral-extrapolation fit functions, however, so we expect their systematic errors to be largely uncorrelated. Therefore we expect that assuming 100 % correlation will lead to a conservative (over)estimate for the errors in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta \zeta ^{B\pi }$$\end{document}$.

See e.g. \[[@CR438]\] and references therein.

We note that HFAG currently averages results for neutral and charged $\documentclass[12pt]{minimal}
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                \begin{document}$$B$$\end{document}$-meson decays without first removing the correction due to the Coulomb attraction between the charged final-state particles for the neutral $\documentclass[12pt]{minimal}
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With two-loop $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {O}}(a)$$\end{document}$ improvement we here mean $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{t}$$\end{document}$ including the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_0^4$$\end{document}$ term and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{c}_{t}$$\end{document}$ with the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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We have assigned a for the continuum limit, in Boucaud 00A \[[@CR555]\], 00B \[[@CR554]\], 01A \[[@CR553]\], Soto 01 \[[@CR552]\] but these results are from lattices of a very small physical size with finite size effects that are not easily quantified.
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